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PREFACE

This study guide in English was prepared based on the textbouk for the
course <The theory of probability and mathematical statisticss which was
approved Iy Teaching and Methodological Cotmncil o the LAWEDL The
material is dedicated o the students specializing i economic studies for
<nelying the <Theors of probability and mathematical statistics». The material
contains the subjects such as randomn events and operations on them. various
definitions of probability and conditional probability, additional and
multiplication rules. random variables, and their distribution functions, the
law of large numbers. correlation and regression analysis. Last pan of this
guide devoted 1o the analysis of statistical data and estimation unknown
parameters ol disliibution and interval estimation, testing hypothesis. The
inateriaf teaches how to systemaltize the statistical data and make scientilic
and practical decisions based on statistical data.

Material can be used as a handbook in theoretical and practical lessons
un «The theory of probability and mathematical statistics» and is suilable ior
independent stud of the students,

Grateiul acknowledge for careful and accurate technical assistance 1o my
students Utkur Zubavdullayev and Bahtier Hodljaev,

Short historical information

The first works, in which main conceptions of probability were
engendered, were presented as attemipts to create the theory of gambling
‘Cardano, Galileo, Pascal, Fermat, Leibnitz, etc. in the XVI-XVII cenlury*

The next stage of development of the theory of probability is connected
with name of Jacob Bernoullit1654-1705). His work «The law oi large
nunibers: was the first theoretical base.

Further researches were made by Karl Gauss, Pierre Laplace. Simon
Poisson, elc.

New, more lavorable period is connected with P.I. Chebishev (1821
t3941 and his students ALA. Markov, AN Lyapunov. Al this period theory ol
jrobability was jully recognized as a mathenmatical science.

Further contributions were made by soviel and Russian scientists: AN,
kulmagorov, S.N. Bernslteyn, D.Y. Khinchin, N.V. Smirmov.

Qur uzbek scientists such as T.A. Sarimsokov. Kori Niyosziy,  S.HL
Sirojiddinov, T.A. Azlarov, Sh.K. Fanmonov have also devoled their
investigations to the theory of probability and statistics which is well known in
the world.



1. ANALYSIS OF DATA AND ELEMENTARY PROBABILITY

1.7 ORGANIZATION OF DATA

Example: There are 100 employees o1 Pepsi Company. Work levels range
from | to 6.

X, = 5043 By ranging date we got:

P, 2,2,2.2 22,333 66 b

4-times 6-times 12-times 1 Blimes
m

Let ngn.ny,...n,— Frequency of data, naz m, m=6. n, /n-» Relative
1=

Frequency.
X n, Cunuwlative Relative Relative
Frequency frequency Cunmulative
h Frequenuy
| ] 4 0.04 0.04
2 6 10 0.00 0.10
3 [ 22 0.12 .12
4 16 38 V.50 0.38
5 44 82 0.44 0.8.
6 18 100 0.18 1.00

1.2 GRAPHICAL ILLUSTRATION OF DATA
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3. Stem and leaf displays

4. Pie chart
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5. Cumulative (relatively cuimulative polygon)
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1.3 MAIN NUMERICAL CHARACTERISTICS OF POPULATION

X: Xj. X Xs-. X D -size of population

Xe+1/2: where n is odd.
(Xn2tXa2+1)/2;, where m is even
2) My = mode =max N=x,; 1 S1sm

1) M, = median =

3 The (arithmetical ) mean

m m

¢|/n;z| W= X n=; n,
1= i=

41 The Variance: The variance of a set of abservations x,, x.. x.....x,, denoted

by §°. is defined as:
§°= (X (xr%)’n)/(n-1)

where x is the arithmetical mean
5) Standard Deviation; The positive square root of the variance is called the
standard deviation and is denoted by S:

5=‘/§2

61 Coetficient of Variation is the ratio o1 the standard deviation to the mwean
expressed as a percentage:
C =100(5/x)

71 The Geometric Mean

81 Harmonic mean

n

X [XTATT e =n/ Z If’(.,

1=l

" Rd”ge = X X



1.4 INITIAL MOMENT OF A SAMPLE

Initial motment g order of a sample is
Ve=Zix" n) /n
where, vu=i, vi=__
X
1.5 CENTRAL MOMENT OF A SAMPLE

Central moment 4 order of a sample is
M=( Z(x;- x'n)/n
where A,=1. M=0. M,=0"

1.6 SHAPE OF DISTRIBUTION

I+ Coetlicient vl Asvamnetry.

A=M, / &
A>0
! A=()
L .
Skevedness 10 the left or normal or 1o the right
2 Fycess
§=( M 4 / a l) -3 1
/\ TN
- E
E>0 E=
Flamess : sharp - normal- -- gently sloping

Example ifor using an average geomeltrical value).



Calculation of average annual growth rate. Let
conditional proiit per year a,=3, a,=6, a,=8, a,=10, a;=15
n

Rate—4,.//a; , n a,+1/a;=growth rate for n years. -'F - average
r=1

4
T annual growth rateT -const. n=d4 T'= T aua,
|

— n
T =4 Tl aw/a, =\/15/5 =1.2
i=1

1.7 EMPIRICAL DISTRIBUTION OF FUNCTIONS

IRelative cumulative frequency)

Fuix)=n¥x)/n, mix) quantity of x, where xsA,

_ Y=Fy(x}

36 | | i 1,30 | °
37 | 1] 2 2/30 :
38 1 4 3 6/30 2o, .

39 1 41 10 | 10/30 V2] SO '

40 51 15 15/30 .

41 1 81 23 | 23/30 130} g

42 3 28 28/30 : : .

43 121 30 I T 1 :
X 0 c.l r.c.l 36 38 40 B

X<40 = 0%
1.8 PROPERTY OF ARITHMETICAL AVERAGE ( MEAN) X:

m

X1X2 X5 Xm N s given, X =0/ Z 1,
n Ny N3 Ny i=



m
where nzz n. . n— frequency of date x,
& quen ,

i n= 1 then rArithmetical Average) x= (1, Ix,
Then we have the 1ollow ing properties:
1.4 c=const. then ¢ .‘-x =(XZecxn/n
2T kcingm= X ©

o amns X =0

4 Ixkn o Tknes Y

Example irom a cofton factory:
S.- number of the group -
\. - the level of saiary

P Y, 1, -irequency

Y S S-S

S\ T T Pr+gi+...n=m
i

%] P G o Tl PutQut. fsiy,
l N; N . N IN,=N

n

n
-.-"\’—=l Zl XiPh ¥ N|; T,:‘Zl xln)/Nl
= i=

m ' [

T=2, xnWN=i 2, xNJN
= 1=

YN,=N



1.9 VARIANCE o°

X Np N2 Xz X X R R .
W then the variance oi the obsenations is
“| ﬂ: l\_‘.... l\“

m
«'=(ZI (x-X¥n)/n
i=

Property:
i kx, then ks’
Dl x,xc, then o stays constant
3N kn,, then o stays constant
From property 2 we can oblain the iollowing: g =Sv o o v

i ¢c=0, then o*=( Ix, 'n, ¥n - x°

Simplified method of computing Y .o
X=(Z(x,2c)knk/nte

o =(S((x,-c/k) n)k/m-{ x-c)*

1.10 ELEMENTARY PROBABILITY

Classitication of events

Definition 1.  An event E is a jact, which happens as o result of an
experinent.

Definition 2. If E happens compulsory then E is called a significant event.
Sometimes it is signed as E=U.

Definition 3. 11 E does not happen, then it is called impossible event E=Q
Definition 4. Another case is when E happens or does not happen as i result
of an experiment, in this case E is calted a random event.

Definition 5. Let’s have a list of E: Ay, A,.... A, If one of them occurs as &

result of any experiment, the list oi € is called a full group of events,



Definition 6. If A happens and the other A does not happen then A is
called an opposite event.

Definition 7. A and B are called incompatible events, if the occurrence of
one of them (except or eliminate), excludes the o« currence of the other.
Aand A are incompatible icomplementary) e\ ents.

Definition 8. The situation is called favorable ior some event, if appearance
of that situation involves the happening of that event.

Definition 9. The probability of event deiined by A P(A)=nvn, where m is
the quantity of favorable situations, n-the common number of situations.

1.11 PROPERTY OF PROBABILITY

P.1.  0sP(A)sI

P.2. PlUi=1 P(Q)=1

P3.  P@)=0; PA)=(n-myn=1-nvn=1-PAT

P4. PAMPA=T

Example 1. We have 25 balls, 10 of them white, 15 black. What is the
probability of P!A) =1, if A-white, B-black. Solution: P{A)=10/25

Example 2. By tossing a coin, we get a head (1) or a tail (T). If event A=H,
then P(H)=1/2. If A=T, then P(T=1/2

1.12 SPACE OF ELEMENTARY EVENTS

Q-space, xe2, « is the element of Q.
{Q, U, P)-called probability space.

Example.
a) For a coin Q={H, T

b) For a die Q=(wi, w2,..wb}

U-is o algebra of events

10



v A, B, QeU, AnBeU, AUBeU, A\Bel!

U={D.iwl),...Iw6), twl, w2],...Iwl,.w6}=Q)

Let’s introduce the iollowing axioms:

1) v AeU, P(A} 20

2) PiQ)=1

AL B are incompatible

(AnBi= ©, then PIAUB}=P(A)+P(B)

Definition. The probability is the numerous function in U and which satisties
the axioms 1}, 2), 3 above.

1.13 GEOMETRICAL DEFINITION

. /i3 5
A-Measure of interest area C-Measure of common area

Deiinition: The probability of event A (the point will be in black area is Pras

= =measure (A} / measure(C)

PiAI=?
by 2—smeasureiA) aR-jd—neasuret Al
ab=smieasure (C) R —measure!C)

PiA)I =1/2 PIA) =a/d=taR /4R



1.14 SUM, INTERSECTION AND SUBTRACTION OF SETS

. C=A: B, C-consists of AorB

2. C=A-B,Aand 8

4. C=A\B

1.15 ADDITIONAL RULE OF PROBABILITY

Definition. If the occurrence of one event preciudes the occurrence of
another, then events are mutually exclusive.
t. The mutually exclusive case:
A4 40 A and B are mutually exclusive, then
P(A+B)=P(A)+P(B)

b AL, ALCAL dare nutually exclusive, then

12
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PIAVA L UAYNSPIA . +PA,)

Example.  For throwing a dice: A=1, B=2; AUB=C P(Ci=1/6+1/6=1/3
Example.  Tortosing a coin
AL Bi=1; A-head. B-tail
¢ If AeB, then P(A.<P(B)
& I Ay, A, is a iubl group of events, and A, is nustually exclusive, then
PIA VA JA=PA )+ +PIA)=1
Il. The mutually not exclusive case;

1i A and B are not mutually exclusive, then
P(A+B)=P(A)+P(B)-P(AnB)

_Examples:
Geometrical description

Example |.

A N B
PN

ANB
PIA+B) =P{A)+P(B)-P(ANB)=nVn+k/n-I/n
Example 2.
6
12
18

19 20|12y 22 23|24

A=1,2,3,4,7,8,9,10,13,14; B=3,4,59.10.11,15,16,17,21,22,23;

PiA+Bi= P(AI+PIBI-PIA~BI=(8+9-4)/24

13



Example 3. There are 52 cards in the deck
a) A=king B=queen . What is PLA+B) 2, Sohttion:
PA+B)=1/13+1/13=2/13

b) A= spade , B= ace . What is P(A+B) ? Solution:
PIA+B)=13/5244/52-1/52=4/13
Example 4. There are 15 books; 5 of them are in English. Student takes any 3
books. What is the probability oi taking at feast one of the 3 books in English?
B—1 English + 2 other
C—2 English + | other
D=3 English + 0 other
A=BUCUD B,C.D-mutually exclusive, P(A}=?
PiAI=P(B+C+Di=P(B)+P(C)+P(D)
PBi=C ' Ca'¥Cos
PICi=C*Chy' )Cys', PIDI=C5Y/C s
Example 5.There are 25 details in a box; 10 are defected among them, 15

are standard. 3 details were chosen.
&1 P13 standard 1=/, b P(2 stand &1 defect)=?
a) P3 standi=C",/C' 5

b) P(2 stand and 1 defect)=(C*,;C i/C s
1.16 CONDITIONAL PROBABILITY

Definition. 2 events are independent if the probability of occurrence of any of
themn is not influenced by the occurrence of another. Otherwise, the events
are dependent.

Definition. The probability of the occurrence of event B, is called the
conditional probability of the occurrence of the event B, if it is assumed that
the event A has occurred. W is signed as P(B/A).

14



;i ANB
:——'—{ :
P(A/B)=l/k=(l/n)/(k/n)=P(A~B)/P(B) (*)
Example. 2 dices are thrown. The sum of the numbers is less than 6. hwe
know that sum is even, what is Plsums6)?
0=36, Bleven)=18,
A={11,12,13,14,15,21,22,23,24,31,32,33,41,42,51}
A=15, AnB-9
PtA/B)=9/18=(9/36)118/36)=P(ANB)/P'B)

1.17 MULTIPLICATION RULE

From (*) we will get

P(ANB)=P(B)P(A/B} or P(AB)=P(A)P(B/A)
Example. There are 50 details in a box. 10 of them are nonstandard. One was
drawn and it was not standard. Whalt is the probability oi choosing another
nonstandard detail assuming that one nonstandard was already chosent
P(A)=(10/50)*(9/49)
If there are n -events A, A,,..A,,
POAY, Az Ag=PANPA /A LLLPAYALLA,L)
If A, B are independent, then P(A)=P(A/B)
Theorem. 1i A, A.....A, are separate independent events, then the probability
is their production
PlA, A....A,) = PIA)...P(A,)

n=2. PIANB)=P(A)*P{B)

Example. What is the probabitity of obtaining 3 heads in 3 conseculive tosses
of coin.
P=1/2"1/2*1/2=1/8



1.18 THEOREM ABOUT FULL PROBABILITY

Theorem. Assune that we have 8,, B, ...B,, , n-mutually exclusive events.
Assume that By, B_....B,, consists of a full group of events. A-rﬁay occur only
with one of B;, i=1.11. For PtA) we have P(A)-P(B,)P(A_/B,)«r...-rl’(s.,)l’(m,)
Prooi: A=AU=A(B-+ By+..... B, J=A Bi+AB+..+AB,
P(A)= P(A B;+AB+..+AB, )= P(B|)P(A/B))+...+P(B,)P(A/B,)

Example. There are 3 plants. They produce Jamps.
1™ plamt produces 10% of nonstandard products
2" plant produces 5% of nonstandard products
3" plant preduces [ 5% of nonstandard products

Solution:

1™ plant produces 50%, 2™ .30% and 3" -20% of all the lamps.
A-an event of buying nonstandard lamp.

B:-an event of producing in the 1* plant

B.- an event of producing in the 2™ plant

B,- an event of producing in the 3™ plant

We should use the iormula P(A)=P(B\)P(A/B))+...4+P(B,)P(A/B,)
P(B)=0.5, P{A/B,)=0.1 etc.

1.19 BAYES THEOREM (BAYES LAW OR FORMULA)

Theorem. Let By, B,...B, be mutually exclusive events.
A is an event for which P{AI=0, then the conditional probability P(B/A) for
any of events B;, given that A has already occurred is given by
P(B/A) = ( P(B) P(A/B)) /(Z P(B) P(A/B)) = ( P(B)P(A/B;)) / P(A)
Proof.
P(AB)=P(A} P(B,/A)=P(B) P(A/B)
Calculate P(B/A) using conditional probability.
P(B,/A)= { P(B3,)*P(A/B,) )/P(A)
Example. The automatic machines produce similar parts, Machine A
produces 40% o the total products, B-25%, C-35%. On the average, 10% of

16



the parts tumed out by A do not coniorm the requirementsii.e. delected), ior B
and C these are 5% and 1% respectively. Ii one part is selected randomly
irom the combined output and is iouni not to coniorm the requirements, \what
is he probability that the part is produced by machine A?
D is the event of selecting a defected part.
we need to calculate P(A/D)=t  PIA/D)I=(PIAPID/ANP(D),
P(D)=P(AIP(D/A)+P(B)P(D/B)+P(C)P(D/C)

In our case:
P(A)=0.4; P(D/A)=0.1; P(B)=0.25; P(D/A})=0.05; P(C)=0.35;
PID/C)=0.01; PA/D)=0.714: 71.4%. Machine A produces 71.4% oi the
defected parts.

1.20 FORMULA OF REPEATED TRIALS (FORMULA OF BERNOULLY)

Trials are independent, An event A -tossing a coin
p-the probability of success of an event A,
g-the probability of failure of an event A

1" trial A; TorH
Corresponding prob:  p, q ip+q'=p+q=|
2™ trial A TTorTHorHT or HH

Comespondingprob: q° pg qp  p°
q'+ pq+ gp+ p’=(prqi=p’epreq’
3" trial
TIT, TTH, THT, HTT, THH, HTH, HHT, HHH
P’ P4 p'q pyq pet pgt pgt g
(p+q)’=p'+3p°q+3pq’+q’
Theorem. If p is the probability of success of an event, q is the probability of
failure of an event in one trial, then the probability r- success of an event inn
ils P.(r) that there are exactly r successes in n trials is the term in binomial
expansion of (p+q)" for which the exponent of p is 1, i.e.
KVIYBXOHA TP ~Fl®

2kl HKTHCOAH Ba

LhiuoMainsd LY BHD ,C/iTeTH
IO 5w K72 A



Prour, Let r is a comecutive success. followed by n-r consecutive failures.
These n trails are itlependent, therefore, the desired probability is
p.--pq.--4=p'q""’

This is precisely the number of combination of n observations, r of them
happen. and combination of occurrence equals C,'. The desired probability is
therefore

Pu(n)=C,/p'q™
Example. Find the probability of getting exactly 5 twice as a result of 7
throws of a dice.
P-21=C-'p'q’; p=1.6: g=5/6
Example. 10% of certain articles manufactured are defective. What is the
probability that in a random sample of 12 such articles at least 9 of them are
defective?
P19t = Py9i4P 1 014P ) )+P k1 2)
P=0.1: q=0.9;: n=12
Let Ai. Ay A—mutually independent. P(A )=p; P(A,, A,...A)=p"
Theorem. Ii A, A,,...A, are mutually independent. The event (A= One of A ; at
least occurred =A,+A,+...+A ,= A) ; Whal is P(A)=?
PIA)=P{A)+...+P(A=1-q)...q q:=PA)
Proof: A=A,,..A,, P\ ))=1-PA)=1-P(A,..Ay)=1-q;...qp.
Example. 3 hunters shool. The probability of shooting a bird for the st
hunter is py=0.4; for the 2nd - p;=0.6, for the 3rc hunter it is p,=0.3. {One
bullet is enough for hitting a bird] = A, What is P(A)!
Solution: P(A)=1-4,¢|.q,=1-0.6*0.4*0.3=0.928

1.21 LOCAL THEOREM OF MOIVRE-LAPLACE

The probability of occurrence of an event A equals to p-const. After n trails
the quantity of occurrence equals m=250. What is P,(m)=t. If p=0.4, n=600,
m=250. It is very difficult to calculate P,(m)=C** 4,*0.4**'*0.6'"

in this case we introtluce the theorem of Moivre-Laplace

18



Theorem. Ih case n—o, P (m)=f(x)/ ._"/’?i

where ((x)=l1; « 27 jexp (-x/2), x=tn-npy - nﬁq
Property of f{x):

1} is even function, fi-x)=1{x)

2) monotonically decreasing in x—ew

3) 1 x>5, then i(x)=0

Example. p=0.4, n=600, m=250. x=10/12=0.83

f(0.83)=0.282 by using a table which is given in any textbooks,
P 250)=0.282/12=0.0235

1.22 THE FORMULA OF POISSON

Theorem. Let p—0, n—=, n p = A =const,

in this case P{m)=( A®/m!)e™

Proof. p=X/n, Pimj=C, " A/n"(-Mm™ =l mbinn-Tr . n-ma L™ .
AN A ™M= A1), O - D/ AN -0 ™ = =0 mbie”
Example. The detail is not standlard. p=0.004, n=1000. P,,5i=! = A=d.

By formula of Poisson: P,(mi=t A"mbe* Puwn51=0.1563

By jormila of Moivre-Laplace: P, tm)=ix)/ ’.7};(/ Pt 3+=0.1763
1.23 INTEGRAL FORMULA OF MOIVRE-LAPLACE

Example. Let us calculate Py(455sm<5435)=?
Promn'455Em<54351=P 10004551+, +P (34 5) is very difficull to calculate.
Theorem. Lel the probability of event A =p , n—»

then P, (a<msb)=0.5 [@(x,)- D{x,)]

—_
where  xy=la-np/ PG | x.=(b-npi/ y 1P,

D=2/ T J‘ c\(-[:/"l)dl

i



Properties of ®(x):

1. ®@ix1is an odd function

2. @(x; is monotonically increasing

50 D(x ;1> Dny), X3>%y

3. @tx)=1, if x>

4. Forx>5, Oix)=1
Example. The solution of the example above by using a table 4 from the
textbook . Puu(4558x<5451=0.9711

Consequence 1. P ,tim-np I<r) = cD(r/\f';E/;

Proof: We can get that n p-rsmsn p +r . Then

P, (asmsb) =0.5(@ ((np+r-np)/ yAG)-@t{nprnp)/ \/'W)) =

0.5 2 o DA/Y1PG )= Dt/ 1Pq)
Consequence 2. Let frequency be nvn , then

P lm/n-pl<a) = @ (AyH/ pq)
Proof: Im/n-pl<A = Im-npisnA |, r=nA

P.(Invn-plsal= OnA/ Y11Pq )= DAY Py )

Example (use Consequence 1)

Consumer needs shoes of size 36. The probability of consumer needs size
36 is p=0.3. What is the probability among 2000 customers which were in the
shop, the number of consumers who need that size varies from 570 to 630?
Solution: np=600, 630-600=30=600-570, r=30
P(Im-6001530)= ®(1.464)=0.8568
Example. Condition from above. The deviation of real relative frequency from
p=0.3 is less than 0.02.

P(IM/2000-0.3120.02)= (10.02 {20007 (U3 *0.7) )= d(1.952)=0.949

20



il. PROPERTY OF DISCRETE AND CONTINUOUS RANDOM
VARIABLES AND ITS APPLICATIONS

2.1 DISCRETE RANDOM VARIABLES

There are exist two types of Random Variables

¢ Discrete Random Variables

o Continuous Random Variables

Now we smoothly pass from Random everis to Random Variables

Definition. f a random variable X takes value irom a discrete set X, X3....Xn
it is called a discrete random variable.

X ; can be the set oi infinite number i variables. For full description of
discrete random variable it nwst be given responsible probability of X,
PIX=X)=P, '

That function which connected the value oi random variables with the
probabitity is called distribution function. It may be presented by table

X; X2 Xa ... Xy )
The following c?)(nﬁugzsp u'w?fl bgssdtis&d

DN

=1

2.P20

The term Distribution function is always equiv.lent to the Law of
distribution.

Example 1. Law ol distribution for tossing a coin. when Head =1, Tail =0

01
X= {2 n

Example 2. If the probability of hilting a target p=u.1, please construct the
law of distribution of hitting the target in 4 shootings .

P4(0)=0.9*=0.6561, Py(11=4-0.1-(0.9)°=0.2916, 4(2)=0.0486,
P.(4)=0.0001

The law of distribution is:

Quantity 0 ! 2 3 4
Probability 0.656 0.2916 0.04806 0.0036 0.0001




When ‘we use the formula of repeated trials for computing the
probability P(x=m=C,"p"q", Distribution function is called Binomial law
of distribution  or the Bernoully law of distribution

When we usc the formula Pix=nn=(1"e™vm! , distribution function is
called the Poisson distribution
Graph shows the law of distribution

Xt X2 Ni. Xy,
Let X (P, P: P . P,,)

Xi1oX2 XXy Xn-1 Xn

Definition. Assume that we have two discrete random variables X and Y.
They are independent if the events X=x, ,Y=y; for any i, j=F 1 are
independent.

Let's calculate the probability P , where P,, =Pix=x,, Y=y}

If the events X=x, ,Y=v, are independent P, = P{ x=x}-Ply=y;} or
P,=P-P,.

In the other case, if the events are dependent and we can easily prove
P =P, =P, +...P,, using the theorem of full probability.

2.2 MATHEMATICAL OPERATIONS ON RANDOM VARIABLES

X2 N2 Xy
x> (py py oy pr) e
t. kN means kx; kxp; k... k"n)
Pb P, Py... P,
i fix » means flx)) fixz) f(\h) f(Y..))
Pp P, P

22



Example : 1 2
If random variable  X= (01 02 03 04

then what is X* =?

X’= ((;).2 04 04 )

27. The rules for X+Y, X-Y, X.Y
Weuse P, =P(X=x) P .. ,( Y=y ) when X and Y depend on each
other. Let X and Y be independent events.

Example: X=(03.3 (;4 05.3 ) Y=(O,I Ofl 6,8 )

Jel 6 9 4 8§ 12 5 10 13
0.03 003 0.24 004 0.04 032 003 003 024

Example:  X=( 03.3 04 03 ) v=( 02.2 0s)

Xe Y=

10 2 1 3 2 N\_ 0 2
X-Y=( 0.06 0.24 0.08 0.32 0.06 0.24 )‘(0.33 024 032 0.06

2.3 MATHEMATICAL EXPECTATION OR EXPECTED VALUE OF DISCRETE

RANDOM VARIBLIES
X; X2 X3 . \n
f X= P, P, P:...
then the Mathematical expectation MX = Z XiP,

The properties of Mathematical expectation
1)1i X=C, C=const, then MC=C
2) i KX, then AKX =K -MX

3V X+Y then  AHX+Y) = MX+MY

Itis easy to prove | and 21 and we will prove the last one.



M4X+Y)=Z z X+Y; )P.,=z Z X p..+z 2; viPij

1zl =t 1= =t 1=

n 3 n % "
=§ *; |+§ j; Pii-'-'; XiP.*g Y P i= MX +MY

4) if X-Y; MX-Y)=M(X+{-1)Y)=MX-MY
n m

5)i xv; Mx-v=z:. xiZ yiP.P= MX-MY
= =

6) MIX£C)=MX£C
7) M(X-MX)=MX-MX=0

2.4 VARIANCE OF DISCRETE RANDOM VARIABLES
Example: X is the modef of die, Y is the coin

3 4
X=(1t6 1is 16 16 V6 116 Y= (“2 7.

We can see that MX = MY. What is the difference X and Y 7
Definition of variance is DX = M{X-MX)?

If MX=a then DX=Z {xi-a)’p;

0, = VDX iscalled as the standard deviation.
Properties of variance:
)i C=const, DC=0,  DX=M(C-MC)’=M(C-C}*=0

2) D(KX)=K?.DX
3) DX=MX*-(MX)*

MX-MX)*=M(X"-2XMX+(MX))) =M XZ-(MX)*
4} IF X, Y are independent, then D(X+Y)=DX+DY

24



5HE X1, Xz, Xy — independent, X=2 x,

g, = "Zof R 65 — standard deviation O‘X'.
i=l
if z=x+y o¢=46i+°32/

6) D(X-Y)=DX+DY
Example: For the die MX=3.5, DX= 2.917
For the coin MY=3.5, DY=0.25

Theorem 1. Let x,, x3,...x, be identical independent random variables such
that their probability distributions coincide. It means Mx,=a.

Then, M (Z xi)=n-a, andM X =-a,Where «x isan arithmetical

average x= (1/n) -Ix;
Theorem 2. Let x,, x2,...x, be identical independient random variables and

Dx.:oJ,

Then D(Z x)=n-&°, Dx=c’/n

im|
Theorem 3. lLet X=Z x,, x, be random variable as a result of independient

trials with probabitity of success p . Then the mathematical expectations

MX=n-p and DX=n-p-q
0 1
Proof: X=xi+X1+...4+X, Xi= (

Mxi=p MX=n-p
Dx,=(0-p)*q+(1-pFp=p q+q°p=pq (p+y)=p-q

25



DXx= Z Dx,= n-p-q

int
Theorem 4. The probability of occurrence of event A equals to p in each
independent trial. Lot the relative frequency be X/n, where X is the quantity of
occurred event A and n- the quantity of trials. Then the mathematical

expectation of the frequency A is equal to p M(X/ni=p and D{X/n)=(p-q¥/n.

Zx, x
= M(n)-p

D(2,:
pty=P2x) _ mpay _pg
n n n n

-
n
Theorem 5. If x is distributed by law of Poisson, then Mx=A , Dx=A.
Proof: Pix=m)=(A"e " Ym! Mx*=A+1%; (Mx)*=A% Dx=A,m=0,1,2,..
Mxz=Ae (1 +20)/21+...(mA™ ' Ym!+...)=A
Mx?=e(A+222/11430%/2! +...+mA"Am-1)!)
e =14M/114+..+A" (m-1)!
We get (1+A)e"=1420/1 4. +mA™ /(m-1)}
(4R =A+20Y 1 o +mA (M1 )+,

Proor:

X
Relative frequency " =

2.5 CONTINUOUS RANDOM VARIABLES

Definition 1. If a random variable £ takes any value out of certain interval
la ,b], we shall call a randorn variables & continuous.

Let’s take xeR and we consider {£<x}, EeR, [é<x} is event .
Definition 2. F(x)=P{t<x), F(x) is called as a distribution function ( Integral

function )of randotn variable & .

26



~ fxample. A die is thrown:

X

x<1

1<x<2

2<xs3

3<xs4

4<x<5

5<xg6

b<x

Fix)

0

1/6

2/6

3/6

4/6

3.6

Property of distribution function ( Integral function ) F(x):

Propenty 1. Pix,<&<x,)=Flx,)-Fix,)
Property 2. F(-0)=0, F(+x)=1,0sF(x) <1

Property 3. Fix) not decreased; if x;>x,, F(x.)2F(x,).

Property 4. P(€=x,)=0

Prooi. x)-h S & < x+h, PE=x,) S P(x,-hsE<x,+h)

P =x,)SF(x,+h)-Fix,-h), if h—0, then

F(x,+h)-F(x,-h)=0, because F(x} is conlinuous. it means P(%=x,)=0

Graph illustrates y = F(x)

Y
i
l;. ......................................
F(x2)i’""“;:?-:r’ T
F()ﬂ'ff.‘.:/ !
Xy X2

Consequences:

For continuous random variables

P(x <& <x,)=P(x; SE<x)=P(x, <E<x2)=P(x,SE<x,)=P(Z=x,)+P(x, <€<x,)

Assume we are given discrete random variable

v 2 3 )
5'( 03 04 03

If x<1, then F(x)=0

l —
0.7~

03- ==

27
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1<xs2, then Fix)=0.3

2<xs3, then Fix)=0.3+0.4=0.7

3<x , then F(x)=0.7+0.3=1

Definition 3.The famlomvatiables‘ﬁ. and Z; are independent , if the events
{€1<x4), {E1<x;) are independent.

Property 5. If &, and &, are independent then

Pl&i<x;, E1<xa)=P12 <x:}-PlE2<xz) .

Property 6. PlE1<xy, &,<x,)=F (x;)-F;(x,)

Definition 4. The random variables &, £,,...£, are independent in aggregate if
for any ksn, the events{€;<xi),...{Ex<x,} are independent.

For independent random variables in aggregate F(x,, x,,...x,)=P1&1<x;,&2<x,,
En<xn)=F{x1)-F(xs)...Fulxy)

Definition 5. We shall call the random variable & continuous, if its
distribution function is continious, except for some break points.

Definition 6. The derivative of distribution function F(x), F(x)=f(x), (F-prime)
is called the probability density.

Property 7. If E€la,b], then P{E<a}=0; P{&>bl=1

Property 8. Pl-» < & < x}=F(x)

The density functions (differential functions) f(x) must satisfy two conditions:

a) fix)<0
b) I J(x)dx = l,-» < x < +w
Property 9, |
Fix)= j/(x)dx =jf(l)dl
Theorem 1. Pla<E<b)= ? S(x)dx
a

Proof.
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]
Pla<t<bi=F(b)-F(a)=(fornula of Nemon-l.ebnitzh? Fi(x)dy = § Flends
(1

J

Graph o i(x) L]

fx)
/_

I

The probability Pla<i<b) = square under curve

Definition 7. The random variable & is called uniiormly distributed in [a, b}, if
the probability density

0. -r<x<a
fix}= & 1i(b-a), xz[a, b]

0, b-<x<+e0
Definition 8. 1§ 1>0, 0sX<+», and the density

fix)=Ae™*, then random variable & called that it has exponential law.
Definition 9. If
0, x<0
o= { e T (K224, x>0
K - number of freedom.
+ 00

F(K/2) - ganuna function,  T(m)= [x"e dx
-

the random variable is called as x*  (Chi squared distribution)
tvmu®

s . . . . f (x) = —==¢
Definition 10. If the density function f(x) is o '\/ﬁ

o

x¢ [-», +v)
where a, ¢ -- any parameters , the random variable is called normal
(Gaussiani random variable.

Example. If density junction ix)=A/(1 +x7), -n<x<+,

29



a) Calculate A?

b) Calculate P10<: < +un=t
Solution:

*r

I A i =1= larer | A
~dx = | = larcigx| = Ax
1+ 8.

X

A=1/x PlO<E<+)= =1/2
* ‘[/ (‘ + X )

¢)Find  Fia=?. Solution:

F j dx lul I’T[ l-i-la'rll\
= | == —urcigx| = —+=—arcigy
) cal+nty 7 ST TR

Example. For normal random variable find Fix)=¢

Solution: From clefinition of distribution function

1 . -G ) (200
Fix)= P .[ e™" ™" Bdx 2 =(x-aVo; x=a+to; dx=cdz)

(x=a)o , (x-ave ,3

Tt JQe-!; j e *dt =1/2+

-7-, I 2;: ﬁ Y

(—)

o

2.6 MATHEMATICAL EXPECTATION AND VARIANCE OF CONTINUOUS
RANDOM VARIABLES.

Definition 1. Mathematical expectation is M&= Ixf(x)dx . il it converges

-

absolutely.

+m

Definition 2. Variance is D&= I(x -a)’ fix)dx | a=ME
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2.7 NORMAL RANDOM VARIABLES

A random variabie X defined on the axis (-0, +o) and characterized by

NEn L
the density i(x)= —J!:;e :#', where a, 6>0 are numerical parameters, is said
OvVa

to be normal (or Gaussian) random variable. Here M x =a, D x = o°

Proof:
1) MX=a=

fxf(x)rlx={z= i-—a.xs ozt+a,dx =i} = I;%(az-uk'.?dza

Iaze ’d,.+-—=[e ‘dz=0

J ps S v2x e
2) DX=

I:-u"

J?;]‘(r a)ie ¥ dy={fx-a=ordx=od:}=

‘E—Iz i*e -d-=,’u-z.dv=ze ’dz.(u]dv-nv-v[dv)/-
T o

if a=0, g=1 then the random variable is called standard normal random
variable. For standard normal random variable density function

«

I -
S(x)= Nk :

x (s -H

1
Distribution function F(Xx)= m’ I- e 7 ds

] x _::
For standard normal random variable F,( X )= 7’=7; I e 4z
had -=

Fix) = F ,((x-a)/o}

x ] _;:
Consequence 1. Pl0<X<x) = ®(x) = I N5rhi Pdz

Consequence 2. Fy(x) = P(-20<X<0}4-P(0<X<x) =0.5+D{x)
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2.8. THE GRAPH OF DENSITY FUNCTION OF NORMAL RANDOM
VARIABLE

It is known that the density function of normal random variable is

tx-8);
T 2ef

!
flx)=y=—"p=e

1. Def ty) =t-m, +2
2. y20
3. lims=0

ixt re

4. point of max and min (extremum)

tx- e’

y=-- (': k. TFe ,y'=0ifx =a; y'>0 if x<a and y" <0 if
4 2

. 1
x>a in the point, where x = a, ¥ nax =T
avinm

5. y is a symmetric iunction on line x=a
1 (x-af
6.y'=- D B
Y o'V2rn o’

1 I
y =0, x= a t g, the points(@— 0, ;737;)» (0+¢7»;ﬁ;) are points of

inflection.

max

e
- = + o

7 a-o X=a at+o

4\
o=stand o—-0
]
a g a a



/T\JI\L e

x=a={) a "

formula for computing Pla<X<p)=?

If X is normal randon variable with parameter (a, o*)

I\-lll

I%a<X<ﬁ)‘J](vkk——J==Ie 2 d'c—'-=—(;—' X=@+d.

f-a R
= at}-\,—:je% - ot o222

U

2.8 MOMENTS OF RANDOM VARIABLES IN CONTINOUS CASE

Initial moment and central moment:

Deviation from normal distributions defined by initial or central

X . .
moments. f X is a ranclom variable v,=MX*= I X S(x)dv | where itx) is the

density function.

vy - initial moment ol k-order and i - central moments oi k-order

M =M X-a)*= f(x —)t fIx)dx =1, v=1, viEMX, =0

Ha=M(X-a¥=DX=MX*-MX) =v v,

n=2

L= 2 (=DECE Y (=D (n=Dyv!

k=i)
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M3 = Vis3vavi+2v)® e = vedvyvid 6v;v,2+3v."

Theorem: If the moment of k -order exists, then every moment less than k
exists.

Application of moments. Asymmetry A=,/ o' and excess E,=p/o,-3

For normal random variable yu=30* and E,=

Skewed 1o the left Skewed to the right
Positive skewedness Negative skewness
fix)
fx)
| >0 flatness Ae<0 P /\ \,
’ \
000 T MN® =

77)

2.9 CALCULATING PROBABILITY WITH GIVEN DEVIATION

Let A be deviation, Ix-al<A . P(lx-al<A)=Pla-A<x<a+A)=®((a+A-a)/o) -
lla-A-a)/o)=2D(A/o), if a=0, PlIxl<A)=2d{A/0)

2.10 THE «THREE SIGMA» RULE
Let's A=ot, than D(No)=d{l) t=3 Plix-al<30)=2((3)=2.0.498=0.9973. It
is practically impossible to obtain in a single trial a value of X deviating from
MX=a by more then 3o ‘

ue+ln

[ f(x)dx = 0.997

a-30
The probability 0.997 is, thus, close to 1.
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2.11 THE GENERAL SCHEME Of THE MONTE CARLO METHOD

Let’s assume that we need to calculate some unknown value a=t. We
shall try to iind a random variable X such that MX=a1. Let’s assume DX=a".
We consider n random independent variable x,, x,,...x, with distribution

identical to x. Let’s consider X = P, = ZX.

=
Central limit theorem of probability theory states that sum p, of a large
number of identical randoin variable is approximately normal.

Mp,= M(Zxa J=n.a = a*
}

Dpn =D( zxi )=n°2
!
o*=+Dx =aVn,

Using sthree sigma» rule we obtain P(lx-asi<3g+)=

Plas-3av*<X<as+3ce)= Pln- a-3avn <p,<n-a+3an l-P!a-T <pn/n<

3o, _ o\ _
a+$}- Pilip, /n) al<m- 1=0.997

P{|—}: x, - a]< \/%.;=o.997

i=]

Z . Emror = —= , when n—w, error=»0. By modeling with
JF Y

e
computer we can calculate the integral 2 = I xf(x)dx, where x-random
]
variable with density function f(x). Calculation of some comimon given
integral. If y =gix), where x is random variable with density i{x), then

MY = J'g(x)f(x)dx MY = l'z £(X;), where x ; = random variable
=l .

with density function f(x).
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2.12. THE FUNCTION OF CONTINUOUS RANDOM VARIABII

Consider thal X - continuous random variable with density function f(x).
i Y=o{ X ), what is the distribution function of Y ?

If @(X) is monotonically incréasing or ‘decreasing function, then the
inverse of ¢(X) exists. X=y(Y). The density function of random variable Y is
signed by g(y) and the density function gly) equals  gly)=ilyiy))>- | w'(y)l
Example 1. X is standard normal random variable. If Y=e”, inverse of e* is X

gav)!

=In Y =yly), w'iy=1sy, 8(X)= ; ik } ,y>0, gly)is named as the

density of logarithmic normal (log normal) random variable.
v-b

1
Example 2. Y=ax+b, x=(Y-bl/a, g(y)= f( ) il
For distribution function Fy(x)=P{y(x)<x)=
PiX<w ' (x)= Flop ixn=F(yix)
In example 2 F,(x)=F.((x-by/a)
F,ix)=PlaX+b<x)=P(X<(x-b}a)=F((x-b)/a)

Example 3. X-N(a,0), Y = bX+c= ylx)

y-¢c¢ 1 _ ] 1l (x-(ab+c))?
8(y) = IS5 = o Tamio P 2 o7 )

Example 4. X is uniformly distributed random variable in [-r/2, #/2] Let

y=sinX. What is g(y)=?

Density function f(x)=1/x, sinx in [-n/2, 7/2] is increasing, inverse function
|
= iny, = , i =1/n, -1, +11,
yly)=arcsiny, v () 71-:)_' .(w(y)) /n, yel ]

|
} =
gy B a—
Example 5. X~N(@a, o), Y=ix-al, Fix)=? p,{x)=?

Fx)=P{IX-al<x}=Pla-x<X <a+x}=F,(a+x)-F,{a-x)
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F'(x) = py{x). F'(a+x) =px(a+x ); F'\{a-x)= - pxla-x).
Then ‘p,(x)=px {a +x)+p xla-x)=

1 (aex-sy _(.-x-:)‘ 2 - _3;
= r (e la° +e 2a* ) = e i
c2n 0323

In case Y=¢(X), where ¢ is not a monotone function. Y=X¢, if x<0,
P(Y<x)=0. Fylx)}=P(Y<x), pv(x)=F'y{x)=0. If x>0, Fy{x)=P{X?<x)=P(-
Vx <X< VT )=Fi V5 -Fxl-Vx)

- ]
y)=(Fd VX )-Fxl- VT )Y = 77 (il Vx yix- V3 )

Example 6. When X~N(0,1), Y=X?, in x>0

1
felxi= 5 7= (i Vo )byl vx ) =

LI N D B N B
_2:/-x(72;re +32ﬂ'e ) JZ:rxe

pxix)=0 if x<0

= fr(x) = f.(x) and

2.13 COMPOSITION OF RANDOM VARIABLE

Let Y= g{x)=x,+x;, What is the law of distribution of Y=x;+x,. F{(x)=? and
density function py(x)=1
Fyix)=Pxi+x,<x}= ﬂ £, (%, x; )bxdx,
A
Where A={{x;, Xy): X;#X;<x}  -0<xX);<+0m, ~o0<xy<x-X;  Fy{x)=
0 XY

j( jp,(xl ,%, )ax, )bx, = {change-the variable-x, =t —x,} =

- ~0

Ji jp.‘(x,,r—xz)dr)dr, = j(jp,(x,,r-x,)ca,)dt

- =2 -n -®
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j;(') = Ipx(’tl" -xlwl -demlde. if xy and x; are m

P. (%1 Xy) =B, (%, )9,, (x;), Peu, (D= IP:\ (%))p,, (=X, )X, (the formuta of

composition)
Example 1. Let x, and x, be independent normal random variables with

parameters (0, 1); a=0, o=1. What is the law of distribution of Y=x,+x;?

Using the formula of composition we get
R U S R Ao
p,(f)-fyz;"jge ? d"’?*me’ﬁ = NO, ¥2)

Example 2. If x;=Nla;,0), x;-»N(az,0), Y=x|+x2, Y~N(a,+a,,

Joi+ol)
Example 3.. Two collective firms provide water supply system of a town. The
time of expectation is random variable with exponential law of distribution

with parameter A .
1* collective firm’s expectation time is x;, 2™ collective firm’s expectation
time is x;, Max expectation time of xj+x;=X. Find Py ua(t)=t

The density function is )

Ae™ if 20
Solution:

Pusn, (1) = [Re 2 ae " 0dx =
0

[}
Ate [ di=s Atre
o
2.14 —DISTRIBUTION (CHI SQUARE DISTRIBUTION )

Let x,, Xz,..., X, be independent normal ranclomn variable
with a=0, g=1. Compose z,2=x)*+x.*+...+x,
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v - degree of freedom

Qif »x50
v=l, X’=x2, mix)= I c-g = x>0
2

v=2, Xl=x 2400, PAN)= 2¢ x>0
Oif -x<0

v, pdx)=ke " | where k, can be found from condition | P, (x)dx=1.

Home task: : Find k, .
Let xy, Xz,..., X, be independent normal randoin variable and  x,~N(a, ),

k=1, v.
Changing the variables we can get standard normial random variable Y, =
(Xj-a)/U ~ N(O 3]

= Z (‘ — x distribution

in the table of x’ you may find distribution Ply?,>¢.J=a
For v>30 the value x%, ., . From the nornal distribution table #4 we can find

it out,

2.15 STUDENT (OR T-) DISTRIBUTION

Let xg, Xi,..., Xy be independent norinal random variabies
~ NI(0,0),i=0, 1, 2,.... \

Y
The randon variable ¢, = === is called t—distribulion or Student
d 1 ‘f ’
Tx
v v a3
Distribution randoin variable with degree of freeclom v.
2/2Mv+ll;2!

The Density function is puix)=b, (1+x

Let F(x,0) be distribution function. !f x; is independent, then Yi=x/oc is
independent as well and Y ~N(0,1) :
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A

Fix,o)= P II: <x}=P{ lf’.‘ <x}=P{ ' <x}=F(xl)
;};ZI:X,’ ;};;(UK)’ J Z':’f’

The distribution is not dependent on a. If xo,x;, X;,..., X, is independent
and x;~N(a, o}

X, ~a

[l l \ ,
;]vf'_:(x. -a)

%o .
If x~N(©0,1), v= T: , then X,? has ¥* distribution.
_JY‘:
: v

in the table of ¥ distribution for t, , is given

€ |-

!

Piit,l< t, J=1-a
2.16 F—DISTRIBUTION (DISTRIBUTION OF FISHER)

Let Xq,X2,..., Xu1,Xu141,+++, Xn14nz D€ independent normal random

variable. x;~N(0, o) iél,.,., ny+n;

3

n
| =)
The random variable £ mas T omimo s called
— 3%
N2 jan el

F distribution random variable with degrees of freedom (ny, ny).
If x,~N(a,s) i=1,..., ny+n_, then

li(x, -u)?

”I sal

by =
iy 1 .‘z'(,\" —ap?

M we

have F—distribution
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|
-x?
mon

. ____' y ] X
fo=1, Fne =7 , » Where Xy and X*,,, are x* distributed variables.

X
n, ™

in the table of Fisher distritxstion it is given that P(F,,; 12>F .1 n2.al=a
The density function

O,when—» 1 <0

(m=-2) 2
X o when—> x>0
)2

Pom(x)=y~ X~
" ("(n,x+nz)"

Here, Co = . h, , l"(.t)--]t“'e"dr

2.17 MULTIVARIABLE RANDOM VARIABLES

Let x;, X3,..., Xn €2, X=(X;, X2,-.., Xn)} e random vector with n-
dimension. We shall define the distribution function in following way Fx(x,,
X2ye0ts Xn)=PIX1<X1,000s Xp<Xl
Here, Fx(x1, X2,..., Xa) - not decreasing function.

If positive function px(xi, X_,..., Xu) exists,

Fo(x,xy..x,)= ?dt,. .J,p,\.(ll,t:...‘l,,)dl,,

-0 -0

P«lX), Xy,..., X4) is called as density function.

F'Fi(x),X,,..x,)
(XX, X)) s ————
Py (%, ) ... &,

Let A be subset of E,, XeA. We will use the following formula in order to

compute P(XeA)

P(Xed)= Jp_\.(x,,.\':....x,,)d\',...c/x,,

o
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We know that random variables ;(,, X3,..., X are independent if ¥ x;, i=1.n; the
events {X;<xq)...., [X,<x,} are independent.

For independent random variables x, X,..., Xy , if X=(x), X;,..., X,) the
distribution function Fx(x;, Xa,..., Xp)=Fxi(x1)...Fx(x,) and px(x, x2,...,
XuW=pri(X1)...Pxnlx,)

If Xi€A,, X;€A;z,... X €A, and is independent, then
P(Xi€Ay,... XneA)=P(X; €A))...P(X,EA,)

Properties: Let n=2, X=(x,, x3).

1.1 xj=»-00 Fx(x,, xz)=Fx(x,, -0)=lim F(x,, x2)=lim
Pllx)<xyinix,<xa})=P(@)=0 F(x,, -0)=0

2.1 Fulxy, 4l=Falx) Fulxy, +o)=lim Fylx,, x)=lim
Plixy<x }nlx;<x;l)=P£x,<x.l=Fx1(;(1) .

Falxy)=Fy(x), +o)=

Xy o
Fy(x)=Fy(x,4x)= f( Il’x(yn)’:)dy:)d)’l

-5 -

] Px{y,.¥y:)dy. = py (y,) --density function of x,
N
Fo(x)= [ o, n )y,

3Py (x)= Ipx(x,,x,)cl\',

-

4. Let T be a symmetric matrix (n x n)

Xi aj
x=4 - - a= B 3
‘ .
a, is element of T, x’=(x,, ...x,), a'=(a, ...a,);

Then n dimension normal ranclom variable x will have density function
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| [ I
s(Xp Xz X )= e —mmmmepl- S (- 0) 2, (x-a) =
PxX; (21).- |Zl 2 Z

! foe
———=expl-5 2 2 a,(x, -2 Xx, -2,)}
(;x)“ﬁZl 2 '

* 5 b sl
i n=2, pxixy, x2)= l» expi- ! (= 2vz2.2.+2°)
T 2roo.vl-T 21-r7) o

Where z;=(x;-a:)/g;, i=1,2

G1, 02, a1, 32 and r are parameters of normal random variable, a,>0, 6,50,
irl<1

Homework. 1) X=(x,, x;), X is 2 dimensional normal random variabte with
a=a,=0, o1=c=1 pxilxs)=t, pxaixa)=l

2) X=(x,, x1) and X is 2 dimension random variable with parameters a,, a;, oy,
o T

palxi)=1, pralx)=?
2.18 CONDITIONAL DENSITY FUNCTION

Let Z=(X, Y) be a random variable with density function of Z = p,(x, y). pyly)
is density function of Y.

priyo)=0, if Y=yq.

Definition: Conditional density function of random variable X under
condition y=y, is

pxix/y)=p.(x, y)/p,lyad

Conditional density function of Y in x=xy is

PriY/xp)=p,lx, y) / puixe)

Properties:

1) [pytx/y)ax=1
2) fp.ty/xdy=1
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3) PrlX1,Xz- X =PrOX LXK P30 Xa). DXl K1, Xo)

pilxy)={ ]’p,(:@,,...x, )ix, ... dx,
Pz(xllx‘)’ ITP!(xl Xy )dx]'~‘d‘.[ﬁt(x| )]‘.

:P;-!(xwl/"la-"xud): IPx“l--'-x-)d".[l’:("')l’:(""xpa-x(’io-a TN

p.,(x,Jx.,..x...:)s(px(x;. xz..x..))/(pu(:(.)...p,..;(x,,./x,...x,..;))
Example. x+y<1, x>0, y>0
peix, y)= 6x

T
px(x)= I P.(x,y)dy = 6x(1- x), 0<x<1

Priy/x)=pslx, yVpxx)=1/1-x); O<y<l-x

Felx)= [ p. (i = 3x%-2x*, O<x<1
[]

o), A
f’.‘ﬁ;(y/x)a IP!U Ixy=y(1-x)", O<y<li-x
z 4 .

ﬂomework. Let z=(x, y) 2-dimension normal random variable with a,=a,=0,
6|=0;=1 find P: (X/Y)ST
Homework. In the example p,(x, y)=6x; find pyly), pz(x/y)=t

2.19 CONDITIONAL MATHEMATICAL EXPECTATION

Mathematical expeclation of random variable

X, when Y=y, is delined as

M=M= yd= | 305 (x/ y)dx = —— [ xp, (x, y)dx
By pyr(¥) 2,

or MIY/X= )=M(Y/x)= ——— _I.ypz (x,y)dy

The function fx(y)=M{X/y) depends on y. Conditional mean of X depends on y.
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We shall call iy as the regression function oi Y on X.
MIX/Y)=f«(y} function of random variable Y

MM(Y/y) = j.w(x I V)P, (b = | [ dx)p, (vhdy =

L

*r .

Ix(lp (x. I)th)cl\=!tp‘(\‘)dt- AYAY

2,20 THE LAW OF LARGE NUMBERS

If the probability ol an event A is small, the occurrence of A is

practically impossible.
The probability which we can not accept is called as the level of

significance and is denoted by a.
“If the level of significance a=0.05, we shalt use it for initial study and
when a=0.01 for conclusion.

Definition. The law of large numbers is the set of conditions when the
probability that the deviation of arithmetical mean irom arithmetical mean of

mathematical expectation is not less than given +>0, tends to 1.

2.21 CHEBISHEV'S INEQUALITY

Lemma. If among values of random variables X is not negative, then the
probability of X>A, A>0, is not less than MX / A, [X>Al < MX/A

Proof. Let P(x=x)=p;, x=x; we shall put the values of X in order 10 increase
and A will divide the sequgnce in two parts, and x;>0. Firstly, x;-py+xp2+.. X,
P =MX

Let the first k members x;p; < A, excluding the 1™ k imembers x;-p; we can obtain:
Xke 1Pke1 - XuPn SMX, Xk A Alprar+..4pa) € MX

Peei+..+Pa SMX/A 2D PIX>A) S MX/A

Theorem. Let X be random variable then P(IX-al>g1<DX/e”; a=MX

Proof. Lel’s assuine that (x-a* 2 0 the random variable
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- (x-aY~X, £°~A

PUX-a>e’) < M(X-aP/e”  (X-a)’ > &° > IX-al>e

MiX-ay = DX P(iX-al>e) < DX/e?

For IX-alse P(IX-alse)=1-P(IX-al>€)-> P(IX-al<e)21-DX/e?

Example 1. 80% of seed corn is sprout. X is the quantity of sprouting real
seed corn. 10000 of seeds were overlooked (sow). X/10000 is the share of
sprouting. What is the P(l(x/10000)-pl<0.011=?

Solution:

p=0.8, q=0.2, n=10000, £=0.01, DX = npg, D(X/n)=pg/n,
P(}{x/10000)-0.8150.01) 2 1-(0.8-0.2)/(0.01° -10000)= 0.84

Example 2. The probability that the detail is not standard is 0.1. Why can’t
we use Chebishev’s inequality in calculating the probability that among
10000 details the quantity oi not standard details is in interval {950, 1030]?
Solution: X is the quantity of not standards, n=10000, p=0.1, ti=0.9. MX =
np = 1000, DX=10000-0.1-0.9=900 MX-950=1000-950=50, 1030-1000=30
instead of 1030 we should take 1050

950 < x < 1050  Ix-1000] < 50

P(Ix-10001] < 50) 2 1-900/50° = 0.64

2.22 THEOREM OF CHEBISHEV

Theorem. Let X, Xy, ...X, be independent random variables and DX;<C,
C=const. MX;=q,, then

1 1 ‘
P”;Z X, - -,-1-2 ) €)>1 -0, where o=c/ng’

Proof. X = %ix, ,

1 P RSN I ¢
MX=;Za, DA _D(n;.\, == ey .\,)-H:ZD,\’, <~

ral 1=
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EANRE ¢

1.t

Consequence 1. if MX,=a. DX,<c, then

. 1
P(I=)Y X -uise)>1-o |
"lll

Because, (1/n)Ta, = IMx/n = nam = a

Consequence 2. (Theorem of Poisson). If the probability of event A in i trials
equals p;, X is the quantity oi occurrence of event A.

X/n-relative frequency. P l);/n-(p.+...+p.J/nl sul> 10

Proof. X/n=(x;+...+x.)M. MXi=p, DXi=piq, £0.25

The condition of Chebishev theorem is satisiied.

PlIx/n-{py+...+p)/nl < €) > 10.25/ng’

Consequence 3. (Theorem of Bernoully) If the probability of event A is
equaltop, then P(x/n-pl<e)>1-¢ {(x/n ~ p)

Example 3. X1, X2,...,Xn is the sequence of independent random variables,

ko 0 ka |
xi= (12 1A 12k )
Is the law of large numbers ' Theorem of Chebishev) applied or not ?
Solution:
MX,=0, DXi=MXi'-(MXi)' = (-ka)'/2k’+0 (1- 1k 1Hka)/2k’ = @' = C
The conditions of Chebishev theorem are satisficd.
Home task:
Example 1. The quantity of water is a randon variable with MX=125m".
Evaluate the probability that next day some iirni necds more than 500m’ oi
water?
Example 2. The probability of the passengers” buing late for the train is equal
to 0.007. The number of passengers (out of 20000) who are late varies in
interval {100, 180]. Whal is the probability of that event?
Example 3. The probability of that a consumption will be made in the shop
is equal 1o 0.65. Why is not il possible to appiv Chebishev’s inequality for
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evaluation of the probability that among 2000 consumers the number of
consumers who purchased something is in interval (1260, 1360]. Solve the
problem with changing the left border.

Example 4. Variance of each independent random variable out of 2500 does
not exceed 5. Evaluate the probability that an alisolute value of deviation of
average arithmetical of their math. Expectation «foes not exceed 0.4.

Example 5. The probability of making a deiected detail is equal to 0.8. Why
cannot Chebishev’s inequality be used for evaliiting that share of defected
detail out of 4000 can be in interval [0.78; 0.89'.

2.23 THE MEASURE OF RELATIONSHIP OF RANDOM VARIABLES

The main character o1 stochastically relation gives a covariation. Let’s
have random variables x,, x,.
We shall call the value o;=cov( x;, x;) = Mix,-Mx,ix,-Mx;) as covariance.
6, = Mxx;)-MxALlx, , because aj =MIxx,-X;Mx,-X,Mxj+Mx;Mx)=M(x x;)-Mx;Mx;
Property 1. If x, and x, are independent then covx;, x;)=0
Propenty 2. If x;, x; are dependent then cov(x,, x,20
Property 3; Let i=l, j=2. vovix,, xs)=covix,, x,'
Property 4. covix,, x,) = Dx,
Property 5. covix;+c;, x.+C.)= covix,, X)
Property 6. covic,x;+CuX;, X ;)=C,CcoVlX;, X )+C:Covixy, Xy)

Let X=(x,, x3,....%,) be a random vector.
O G2 . O
On Ow ... Om
The matrix I is called the matrix of covariation.
Property 7. The diagonal elementof £, 6, = Dy
Definition. 1Z1. the determinant of T is called as common variance.

Let Yi=CiX)+C, X+ +Ci X, i=1, m

c=(c,) is the matrix of coeitivient.
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Xy ' Cit Ci2 ... €
X 1 2 ... g

X= - Y=
‘. cm. c,.. .. Comi

then Y=C-X, MY=C-MX
Let H=(H;) be the matrix of covariation of Y, then H=C L C

Property 8. D(kz-'ckxk) = Z Z €c0,; 20,

kut isl
letn=2, ¢y =cC3=1

Property 9. Dicixi} = ciioqy = C:2DX;
Property 10. D(x;4x3) = 1-1an1+1-10y2+1-1021+1-162; = Dx;+Dx24204; .

Property 11. Dix1-X32) = &¢11-201240;3 = Dx1+Dx32-202
D(x£x3) = Dx+Dx;120;

Property 12. 1f x,, x; are independent then D(x,1x;) = Dx,+Dx; because
62=0

n #wo.n
Let c=c=1; k=1,2,..n. Then D(Z Xy ) = ; |Z O equals the sum

L=t

of elements of the matrix of covariation. -

Property 13. If the comporents of random vector X X1, Xgp0eey Xy AT€

independent then the elements of Z, which i#j equal zero,

(21} 0 .. 0 s
T= ( ) Cij = Oyi
0 0 .. om

n

D(Z Xy )= Z 0“ = Z DXy for independent x;

k=l k=1 k=l
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Example. The quality of a detail defined by two parameters X, Y with the
given law of distribution Z=iX,Y)

x\y, |0 0.1 0.2 0.3 P,
5 0.2 (13] 0.05 0.05 0.4
6 0 0.15 0.15 0.1 0.4
7 [V] 0 0.1 0.1 0.2
A 0.2 0.25 0.3 0.25 LI
Pi ‘ z: Z' p, =1
" ’.

Let uy=x-y, u; = 3x-2y
Find Duy=?, Du,=2, u =(u,, u,), H-? H is the matrix of covariation.

. . J 4
Solution: MX=5.8, MY=0.16, M(XY)= 2, D_X.Y P, =5.0.0.2 + 5.0.1.0.1+

m| mt

5.0.2.0.05 + 5.0.3-0.05+6-0-0+...47:0.3-0.1=0.975

"o
Let’s calculate g, the elements of £ = ,
g2 On

0122021 =CoViX, y)=M(xy)-MX-MY=0.975-5-8-0.16=0.047
01,=DX=MX2-(MX)*=5%0.44+62.0.4+7%0.2-5.8°=0.56,
0,=DY=MY%(MY)*=0.037

T= 0.5 0047
O047 0037

Du=D(X-Y)=DX+DY-26,.= ZZ%L\C. =0.56+0.037-2.0.047=0.503

k=l =l

2 2
Du.=D(3X-2Y)= cht €10y =3-(-3) -0.56+3-(-2) -0.047 +(-2)
k=l k=t

-3.0.047+(-2) (-3} -0.037=5.04-0.282-0.282+0.148=4.624
= = f1 4 0.5 0047 13
For H=CZC (3 -z) ( 0047 :1,:»37) (-1 -z)
Let X=ix,, x3), where x; is random variable with parameter
Mx, = a0, = yDx, . \Vetransionm Y,=(x,-Mx /G, MY=0, DY,=1
For i=1,2; Y=(Y,, Y3),
Let’s calculate covlY), Y.)=covilx;-Mx\)/ G.,; {x,-Mx3)/ G.)) = covix;-Mx,;
X_--MX;)/(GﬂO\;) = COV(X|, \2)/(0’u0’,¢)
50



We shall define p,, =covix;,x;¥ (0,16.;) as a measure of stochastically
dependents x,, x; and this is cafled as a coefficient of correlation.
Pt =COV(Xy-MX; Yoy, (X-Mx2E,0) = coulYy, Y3)
covixy, X2} = Pa1 x:0x1Ox
For independent random variable p,, ,; = 0, the inverse conclusion is not right.
Property 1. lpq .l <1
Proof: Y, = (x;i-Mx))/ 6y, i=1,2
D(Y; £ Y2) = DY;+DY; £ 2covlYy, Yl =2+ 2p0002 20
12 pax20, 1404020, 1-pae20, lpaxlsi
Property 2. If x; and x; are linearly dependent: x; = ax,+b,
ipu1.a2! = 1 necessary and enough condition, where a#0, py.=1,ifa>0
and pa .« = -1, if a<0.
Proof: (Necessary} Let pyi2 =1, D(Y;-Y2) = 2(1-pad = O;

It means that Y,-Y,=C
MLY,;-Y3) = MC = C = MY, -MY,; =0-0=0

Y1-¥,=0 Yy =Yy (g-Mal on = (xp-Mxy) 0
x;=ax;+b where a = a,,/0,1, D=Mx2-(0./6.)Mx,
X3 = (Cx2/0x )% HMX-(6 /0 IMX,)

For paix2 = -1, DLYy, Y)=0;x; = {052/G 1 X1 HMX 3 4+(0,2/0: 1 IMX,)

| >

Prraxies = { -l aw

it is enough that:

If x,=ax, +b, Ya=(x2-Mx,)/o , x2 = (ax)+b-Mlax, +b)/oax,+b} = (alx;-
Mx)lalex,)= Y a/ lal; Y, =Y/ lal

Pz = covl(Yy, Yz) = covtYy, Yia/lal) = couly,, Y,)a/lal =

Loax

a/lal = { . a0
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2.24 REGRESSION FUNCTION

Let Y and ax+b be dependent. Consider Y-(ax+b) in which a, b
minD(Y-ax-b)=?
If 30=p.yay/0y , by = MY-p,lo,/oJMX ; Then min D(Y-apx-bo) = av’(1-
Pl
Py 1 D(Y-apx-by)->0
Y= pyylo,/a)X+MY-pylo/o,MX
Let X = (x;, X3,...,X,) be a random vector.

pi = py = covix;, x Mo/} = covix;, x}low/oy)

P P12 .- Pis
R-( ) Matrix of correlation
Pal Paz - Pm

pi = oiflcu/oy)

Example.

2= G 0p ). R-7
0,047

Tys
= = = =033
pn=p2=1 pun T-“T-"nz eI A Y

y = MY+p,/(o/0,)(x-MX) = 0.84x-0.32
For normal random variable X ~ N(a,, oy), Y ~ N(az, 6,)

_ ! x-8 2 _ 4 x-a,y-a, Y732y,
21:0,0,“'){ 2(I-r’)[( o, ) -2 g, o, *t o, Il

px.y)=

X,Y)=Z X~Nla, 6, Y~N(@zo06) r=py
Ifr=0, X and Y are independent,

| x=8 , 4. _l!—l., !y-n,A 3

- =SS 1 -1 -5y

1" a - 2 a 2o

e 1 = el ™ e =pu(X)py{y)
2no,0, 210, J2no, Y

px.y)=
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2.25 MARKOV CHAIN

Assume that we have 5, S,,..., S,- position
Py—initial distribution, P—niatrix of position

. (::) e (70)

Pat P .. Pon

Zpij=], Pii=PlX=x;,Y=y,!
}
Marcov chains will use when we study random processes.

Il STATISTICAL ESTIMATION OF PARAMETER B INF (X, 0)
DISTRIBUTIONS

3.1 POINT ESTIMATION

Definition 1. A numerical measure of population is called a population
parameter.
Definition 2. An estimator of a population parameter is a sample statistics
used to estimate the parameler.

An estimate of the parameter is a particular numerical value of the
estimator obtained by sampling.
Definition 3. When a single value is used as an estimator, the estimator is
called a point estimation of population parameter.
Example. X—a sample mean, is estimator of population p.
Definition 4. An interval estimate exists and an estimator constitutes an
interval of numbers rather than a single number.

An interval estimate is an interval which belongs to the unknown
population parameter.
Properties of estimators 8, = f(x,, ..., )
Definition 5. An estimator is saicl to be unbiased, if its expected value is

equal to the population parameter which estiimates. M6, =8
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Definition 6. Any systematic deviation of estimator from the parameter oi
interest is called a bias. -

Definition 7. An estimator is efficient if it has a relatively small variance than
the other estimators. Let 8, and T, be estimators . If D6,<DT, then 8, is an
eifective estimator.

Definition 8. An estimator is said to be consistent i the sample size
increases its probabifity of being close to 1 and the parameter 8, tends to

parameter 0.
lim P(10, - Bi<e) = 1

Theorem 1. Assume that we are given x,, ..., X, the sample size equals n.
If Mx;=y, then X - arithmetical mean is unbiased estimator for .

Theorem 2. X'is consistent estimator of . PHX-ul<el—1 when n—o

Proof. The law of large numbers. P(l;(-p|<£)>|-D-X/Ez, D-X=02/n
Theorem 3. If x, € N( p, &), X is unbiased and efficient, consistent

estimator for .

b
-

R l LA v
" Theorem 4. If Mx; = pt, Dx; = o* , then S = ;Z(K -%)" is not unbiased
1=}

estimator for 6 and MS? = 6®(n-1)/n

Proof

§¢ =-Z(r -x)? -—Z(r —M+|.l-l’) =-Z((t -p)- (x ph =

L LT LT

,-Z(* -w? --(v-u)Z(r —u)+— (x -w)’ --—(r -wY - =

=] 1=]

:n.v-z:x, :2(;-;4)’
2]
5 --Z(x uy - (e- )t M = ot - <

ul n
n-1

M{x-p)y =DX=2- MS = —0c"

Hn
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Theorem 6. b‘-——Z(x x)' s unbiased estimator for o', where

HI

a2 B
5= —5
n-1

1 .
Theorem 7. S = ;Z(-‘; = K)" is unbiased, consistent, efficient estimator

e}
for o’.
Theorem 8. If X is a random variable with parameters
(, o) and xy, xy,..., X, are independent trials of X Mx,=p, Dx,=6*, then the

b

—_ l L] o
arithmetical mean X = ;Z X € N(u,‘;’).
iwl

Consequence |. ———be < N (0.1)
c /Un

R I (V- LR YVE-S
M(m)- oM(x u)--c(M~r p) =

X - n - "o - ¢’
D = —(D -D = —=Dx=z ——=1
(—To/ ") c,.( (x} 9] gThr= 7

: = x;ﬂs/;l—s N (0,1)

If o* is unknown, instead of ¢ we use

1
§ =Ty
Remark:
L z= L}H-Jr'r - Student distribution or T- distribution

For example:
thwa=1{ if n=13, a=0.05, t;; 095 =2.18

31
I1. The random variable el ¥ distribution with k=(n-1) degree- of

freedom
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3.2 INTERVAL ESTIMATION FOR u

A) (cisknown ).Le P[0, <8< 8,9 ]=1x
Here, (6,", 8,2")— is called an interval of coniidence.
P=1-a, ais the level oi confidence.

Let X € (u,0?).

X = ‘—f, . X e N(#.c’);x;” e N (0,1)
i

n
T -
PU=—rl< z,) = ®(2)

P(x - z,-von—< <X+ z,vcn-).: P(z)=1-a
-_ 4 -— o
uelx-z, ks + I, 7;'] =[0,", 6,2]

Example. X e (n0), 0=2, n=16, p=1-u=0.95
2045 = 1.96 from table of ®(x).

g 2
A=(z, 7:) = l,%m =098
M €[x-098,x + 098] with probability 0f 0.95 if x=4.1 TR -
(3.12, 5.08] 9.12<p<5.08

8) (ais unknown ). If g is unknown then o ~ §;t = %—”JF
P(-'—"?"—"—’«/Tu'< t,,)=1-a
P(';(- {< t S ) l - a
Xl b,
P(;E t §< <X+t g)-l o
l‘pm H n.pw =

5 - § - S _taM g0
noelx e T Xt e 7;] =00, 6"
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Example. I n=9, p=0.95, 5=3, x=6
3 3
6-7;'.96< TS 64731%-) 404<n<796

From Student distribution, whenp =095, n = 9,
tsngs = 2.31

- $ - $ 3 3
x-tn,'jl;(u(x"'!n.oy: ’ 6'32,3l<ﬂ<64‘323|
369 <u<8.31

3.3 INTERVAL ESTIMATION FOR o

Q2
If n?s,- has ¥? distribution with k = n-1 degree of freedom.

P(““§<o<£'3-5:-)=u a
X, X,

Plxl<x ) = Ply*>xs?) = o/2

§2=10,p =096, fn=20, p;=a/2,
pi= 1-0/2, a=0.04.

p2=0.02, k=n-1=19 >y, =337
p1=098 k=19, x’=86

J5.935 <0 <23256 - 243<05 <482



Appendix

TABLE *1. THE VALUE OF FUNCTION ¢~ *

X exp{-x) ‘X exp(-x)|  x Jep(-x)| x |exp(-x)
0,00 1,000 0.40 0670 | 080 | 0449 ] 3,0 ]0,0498
0,02 0,980 0,42 0657 | 0,82 | 0440 3,2 ]10,0408
0,04 0,961 0,44 0644 | 0,84 10,432} 34 |0,0334
0,06 0,942 0,46 0,631 086 | 0423} 3,6 |0,0273
0,08 0923 | 0,48 0619 | 0,88 | 0415 ) 3,8 10,0224
0,10 0,905 0,50 0607 § 090 | 0,407} 40 |0,0183
0,12 0,887 0,52 0,595 092 0399 | 4,2 |0,0150
0,14 0,869 0,54 0,583 0,94 | 0,391 44 10,0123
0,16 0,852 0,56 0,571 0,96 | 0,383 46 |0,0101
0,18 0,835 0,58 0,560 § 098 | 03751 4,8 |0,0082
0,20 0,819 0,60 0,549 1,00 10,368 1 5,0 |0,0067
0,22 0,803 0,62 0,538 | 1,20 | 0,301 5,2 |0,0055
0,24 0,787 0,64 0,527 1,40 10,247 | 5,4 |0,0045
0,26 0,771 0,66 0,517 1,60 | 0,202 5,6 (10,0037
0,28 0,756 0,68 0,507 1,80 | 0,165 5,8 10,0030
0,30 0,741 0,70 0,497 2,00 10,135] 6,0 |0,0025
0,32 0,726 0,72 0,487 220 | 0111 6,2 10,0020
0,34 0,712 0,74 0,477 2,40 | 0,091 6,4 |0,0017
0,36 0,698 0,76 0,468 2,60 | 0,074 6,6 |0,0014
0,38 0,684 0,78 0,458 2,80 | 0,061 6,8 0,001
0,40 0,670 | 0,80 0,449 3,000 { 0,050 | 7,0 ]0,0009

1 me- A
TABLE 22. THE VALUE OF FUNCTION ;
m!
m A20.1 | A=0.2 | =03 | =04 | 1=0.5 | i=06
0 0.9048 0.8187 0.7408 0.6703 | 0.6065 | 0.5488

1 0.0905 0.1638 0.2222 0.2681 0.3033 | 0.3293

2 0.0045 0.0164 0.0333 0.0536 | 0.0758 | 0.0988

3 0.0002 0.0011 0.0033 0.0072 | 0.0126 | 0.0198

4 0.0001 0.0002 0.0007 | 0.0016 | 0.0030
5 0.0001 0.0002 | 0.0004
m 4=0.7 | A=0.8 | A=0.9 | i=1.0 | A=2.0 | A=3.0

0 0.4966 0.4493 0.4066 | 0.3679 | 0.1353 | 0.0498
1 0.3476 0.3595 0.3659 | 0.3679 | 0.2707 | 0.1494
2 0.1217 0.1438 0.1647 | 0.1879 | 0.2707 | 0.2240
3 0.0284 0.0383 0.0494 | 0.0613 | 0.1804 | 0.2240
4 0.0050 0.0077 0.01H11 0.0153 | 0.0902 | 0.1680
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m A=0.7 | i=0.8 A=0.9 | =10 | A=2.0 | i=3.0
5 0.0007 | 0.0012 | 0.0020 | 0.0031 | 0.036} | 0.1008
6 0.0001 | 0.0002 | 0.0003 | 0.0005 | 0.0120 | 0.0504
7 0.0001 | 0.0034 | 0.0216
8 0.0009 | 0.0081
9 0.0002 | 0.0027
10 0.0008
11 0.0002

12 0.0001
m A=4.0 A=5.0 A=6.0 A=7.0 As8.0 | i=9.0
0 0.0t83 | 0.0067 | 0.0025 | 0.0009 | 0.0003 | 0.0001
1 0.0733 | 0.0337 | 0.0149 | 0.0064 | 0.0027 | 0.0011
2 0.1465 | 0.0842 | 0.0446 | 0.0223 | 0.0107 | 0.0050
3 0.1954 | 0.1404 | 0.0892 | 0.0521 | 0.0286 | 0.0150
4 0.1954 | 0.1755 | 0.1339 | 0.0912 | 0.0572 | 0.0337
5 0.1563 | 0.1755 | 0.1606 | 0.1277 | 0.0916 | 0.0607
6 0.1042 | 0.1462 | 0.1606 | 0.1490 | 0.1221 | 0.0911
7 0.0595 | 0.1044 | 0.1377 | 0.1490 | 0.1396 | 0.1171

8 0.0298 | 0.0653 | 0.1033 | 0.1304 | 0.13.96 | 0.1318

9 0.0132 | 0.0363 | 0.0688 | 0.1014 | 0.1241 | 0.1318

10 0.0053 | 0.0181 | 0.0413 | 0.0710 | 0.0993 | 0.1186

11 0.0019 | 0.0082 | 0.0225 | 0.0452 | 0.0722 | 0.0970

12 0.0006 | 0.0034 | 0.0113 | 0.0264 | 0.0481 | 0.0728

13 0.0002 | 0.00t3 | 0.0052 | 0.0142 | 0.0296 | 0.0504

14 0.000t | 0.0005 | 0.0022 | 0.0077 | 0.0169 | 0.0324

15 0.0002 | 0.0009 | 0.0033 | 0.0090 | 0.0194

16 0.0001 | 0.0003 | 0.0015 | 0.0045 | 0.0109

17 0.0001 | 0.0006 | 0.0021 | 0.0058

2
TABLE 93. THE VALUE OF LAPLACE FUNCTION @(x)= T}e'-‘ /3
n

0

1 2 3

4 5

6

7

9

0.0
0,1
0,2
0,3
0,4
0,5
0,6
0,7
0.8
0.9

10,3989
0,3970
0,3910
0,3814
0,3683
0,3521
0,3332

0,2897
0,2661

0,3989]0,3989]0,3988
0,3965]0,396110,3956
0,3902]0,3894}0,3885
0,3802j0,3790/0,3778
0,3668)0,3653}0,3637
0,3503]0,3485]0,3467
0,3312)0,3292§0,3271

0,3123}0,3101]0,3079}0,3056

0,287440,285010,2827
0,2637}0,2613]0,2589
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0,3986}0,3984]0,3982
0,3951]0,394510,3939
0,3876{0,386710,3857
0,3765/0,3752]0,3739
0,362110,3605{0,3589
0,3448]0,3429]0,3410
0,3251]0,323040,3209
0,3034]0,3011]0,2989
0,280310,2780{0,2756
0,256510.254110,2516

0,3980
0,3932
0,3847

0,3977
0,3925
0,3836

0,3725]0,3712
0,3572]0,3555
0,3391}0,3372
0,3187]0,3166
0,2966 10,2943
0,2732]0,2709
0,249210,2468

0,3973
0,3918
0,3825
0.3697
0,3538
0,3352
0,3144
0,2920
0,2685
0,2444




I x [ 1

1,0 10,2420[0,2396
1,210,1942}0,191¢
1,410,1497{0,1476

1,5]0,1295{0,1276
1,6 04 109/0,1092]0,1074{0,105710,1040

0,237110,234710,2323
1,110,2179]0,215510,213110,2107]0,2083
0,189510,187210,1849]0,1826
1,310,1714]0,1691)0,166910,1647)0,1626]0,1604
0,145610,1435[0,1415)0,1394
0,125710,123810,1219{0,1 200

3 4

5 6

Wl W W Www i ww

710,09 09250909 08930878
0 0790 ,0775(0,0761{0,0748/0,0734

1,
1,
1, 06560644 ,063210,0620(0,0608

O

0,0540[0,0529]0,0519]0,0508/0,0498
0,0440]0,0431/0,0422[0,041 30,0404
0,03550,0347}0,033910,0332{0,0325
,028310,0277/0,0270{0,02640,0258
0,0224]0,021940,021 3}0,0208|0,0203
0.0175l0.0171}0,01670,01630,01 58
0,0136|0,0132l0,0129|0,0126{0,0122

0,0104]0,0101[0,0099{0,00960,0093
0,0079}0.007710,0075]0,00730,0071
0,0060/0,0058/0,0056)0,0055}0,0053

IR aE

-~

~ e

DN WMAWIL~O
k=X

[SECNESESENESEEENYSYN]

0,0044]0,0043]0,0042]0,0040{0,0039

-~

,0024]0,002310,002210,002210,0021
$0,0017}0,0017]0,0016{0,0016|0,0015
0,001 2]0,001 2{0,001210,0011]0,0011
0,0009|0,0008
0,0006}0,0006
0,0004|0,0004
0,0003{0,0003
0,0002]0,0002

0,0006{0,0005 |0,0005
0,0004]0,0004{0,0004
0,000310,0003(0,0003
0,0002]0,0002[0,0002

WoNoULaAawWw=DO ©
X=X

~

0,003340,0032]0,00310,0030(0,0029

0,0008|0,00080,0008

0,2299
0,205910,2036
0,1804
0,1582
0,1374
0,1182
0,102310,1006
0,0863]0,0848
0,072110,0707
0,059610,0584

0,048810,0478
0,0395(0,0387
0,031710,0310
0,025210,0246
0,019840,0194
0,0154|0,0151
0,0119{0,0116
0,009110,0088
0,0069]0,0067
0,0051}0,0050

0,0038|0,0037
0,0028(0,0027
0,0020)0,0020
0,0015{0,0014
0,0010(0,0010
0,000710,0007
0,0005]0,0005
0,0004|0,0003
0,0002}0,0002
0,0002{0,0002

0,2275]0,2251 |

0,0189 0 0184
0,0147]0,0143
0,01130,0110
0,0086 |0,0084
0,0065 |0,0063
0,00480,0047

0,0036]0,0035
0,0026 10,0025
0,0019)0,0018
0,0014{0,0013
0,001010,0009
0,0007 |0,0007
0,0005 {0,0005
0,0003 |0,0003
0,0002 [0,0002
0,0002 |0,0001

o(x)=p(-x);
for x24: @(x)=0.

TABLE #4. THE VALUE OF LAPLACE INTEGRAL FUNCTION

P 3
1
"”""m{ ¢

-£8/2 dt

D(x) D(x)

®{x)

D(x)

0,1255
0,1293
0,133%
0.1368
60

0,00
0,01
0,02
0,03

0,0000
0,0040
0,0080
0,0120

0,32
0,33
0,34
0,35

0,64
0.65
0,66
0,67

0,2389
0,2422
0,2454
0,2486

0,96
0,97
0,98
0,99

0,335
0,3340
0.3365
0,3389




x D(x) x D{x) X D{x) X ®(x)
0,04 0,0160 0,36 ]0,1406] 0.68 ]0,2517] 1,00 10.3413
0,05 0,0199 0,37 10,1443 0,69 10,2549] 1,0t 10,3438
0,06 0,0239§ 038 |0,1480] 0,70 00,2580 1,02 10,3461
0,07 0,0279 0,39 10,1517} 0,71 10,2611] 1,03 | 0,3485
0,08 0,0319 0,40 |0,15541 0,72 10.2642] 1,04 | 0,3508
0,09 0,0359 0,41 0,1591 ] 0,73 [0,2673] 1,05 |0.3531
0,10 0,0398 042 101628 0,74 [0,2704] 1,06 {0.3554
0,11 0,0438 0,43 |0,1664 ] 0,75 [0.27341 1,07 10.3577
0,12 0,0478 0,44 10,1700| 0,76 |0,2764] 1,08 10,3599
0,13 0,0517 0,45 10,1736} 0,77 }0,2794} 1,09 }0,3621
0,14 0,0557 0,46 |0,1772% 0,78 |0,2823] 1,10 | 0,3643
0,15 0,0596 1 0,47 10,1808} 0,79 [0,2852} 1,11 ]0.3665
0,16 0,0636 0,48 10,1844 | 0,80 10,2881] 1,12 10,3686
0,17 0,0675 0,49 10,1879 | 0,81 10,2910} 1,13 [0,3708
0,18 0,0714 0,50 }0,1915] 0,82 |0,2939] 1,14 }0,3729
0,19 0,0753 0,51 0,1950 | 0,83 |0,2967] 1,15 10,3749
0,20 0,0793 0,52 10,1985| 0,84 |0,2995] 1,16 10,3770
0,21 0,0832 053 10,2019} 0,85 }0,3023}] 1,17 |0,3790
0,22 0,0871 0,54 |0,20543% 0,86 }0,3051} 1,18 |0,3810
0,23 0,0910 0,55 |0,2088| 0,87 10,3078} 1,19 }0,3830
0,24 0,0948 0,56 {0,2123] 0,88 10,3106] 1,20 |0,3849
0,25 0,0987 0,57 10,2157 § 0,89 10,3133} 1,21 }0,3869
0,26 0,1026 0,58 |0,2190] 0,90 10,3159] 1,22 |0,3888
0,27 0,1064 0,59 10,2224} 0,91 |0,3186} 1,23 10,3907
0,28 0,1103 0,60 |0,2257 | 092 }0,3212] 1,24 10,3925
0,29 g,1141 0,61 0,229t 1 0,93 10,3238] 1,25 10,3944
0,30 0,1179 0,62 10,2324 0,94 |0,3264| 1,26 |0,3962
0,31 0,1217 0,63 10,2357 0,95 {0,3289} 1,27 10,3980

Q(-x) = -P(x),;
for x> 5: ®(x)=0,5.

X ®{x) X D(x) X D{x) X D(x)
1,28 0.3997 1,61 0,4463 | 1,94 10,4738] 2,54 0,4945
1,29 0,4015 1,62 (0,44741 195 10.4744| 2,56 0,4948
1,30 0,4032 1,63 10,4484 | 1 ,gg 0,4750| 2,58 0,4951
1,31 0,4049 1,64 ]0,4495| 1,97 00,4756 2,60 | 0,4953
1,32 0,4066 1,65 |0,4505| 1,98 |0,4761] 2,62 0,4956
1,33 0,4082 1,66 [0,4515) 1,99 (0,4767] 2,64 | 0,4959
1,34 0,4099 1,67 [0,4525] 2,00 {0,4772| 2,66 0,4961
1,35 04115 1,68 [0,4535) 2,02 (0,4783) 2,68 | 0,4963
1,36 0,4131 1,69 10,4545 2,04 [0,4793| 2,70 0,4965
1,37 0,4147 1,70 10,4554 | 2,06 10,4803| 2,72 0,4967
1,38 0,4162 1,71 0,4564 | 2,08 |0,4812] 2,74 0,4969
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X ®(x) X ®{x) x ox) | «x ®{x)
1,39 | 04177 | 1,72 _|0,4573| 2,10 _|0.4821] 2,76 | 0,4971 |
1,40 {04192 | 1,73 [0,4582] 2,12 |0,4830| 2.78 | 0,973 |
1,41 04207 | 1,74 |0,4591 | 2,14 |0,4838] 2,80 | 04974
142104222 | 1,75 104599] 2,16 |0,4846] 2,82 | 0,4976 |
1,43 _|0,4236 | 1,76 [04608| 2,18 [0,4854] 2,84 | 0,4977 |
[C144 04251 1,77 [04616] 2,20 |0.4861| 2,86 | 0,979
1,45 [ 0,4265] 1,78 |0,4625| 2,22 |0,4868] 2,886 | 0,4960
146 [0,4279 | 1,79 |0,4633 | 2,24 |0,4875] 2,90 | 0,4981
1,47 10,4292 | 1,80 |0.4641| 2,26 |0,4881] 2,92 | 0,4982
1,481 04306 | 1,81 10,4649 2,28 [0,4887] 2,94 | 0,4984
1,49 | 0,4319 | 1,82 |0,4656 | 2,30 |0,4893] 2,96 | 0,4985
1,50 | 0,4332 | 1,83 [0.4664| 2.32 |0,4898| 2,98 | 0,4986
151 10,4345 | 1,84 [04671 | 2,34 |0,4904] 3,00 | 0,49865
152 _[0,4357 | 1,85 |0,4678| 2,36 |0.4909] 3,20 | 0,49931
1,53 | 04370 | 1,86 [0,4686 | 2.38 [0,4913| 3.40 | 0,49966
1,54_ [ 0,4382 | 1,87 |0,4693 | 2,40 |0,4918] 3,60 |0,49984]
1,55 [ 0,4394 | 1,88 [0,4699 | 2,42 [0,4922| 3,60 |0,499928
1,56_| 0,4406 | 1,89 |0,4706| 2,44 |0,4927] 4,00 |0,499968
1,57 | 04418 | 1,90 |0,4713| 2,46 |0,4931| 4,25 |0,499989 ]
1,58 | 0,4429 | 1,91 [0,4719| 2,48 [0,4934] 4,50 [0,499997
1,59 | 0,441 | 1,92 [0,4726 | 2,50 [0,4938] 4,75 10,499999
1,60 | 0,4452 | 1,93 [0,4732] 2,52 |0,4941] 5,00 |0,500000

for x>5: ®{x)=0,5."

TABLE %5. STUDENTS T- DISTRIBUTION ty = t(1,n)

N 0,90 | 0,95 | 0,99 | 0,999 [\_y]| 0,90 | 0,95 | 0,99 | 0,999
n n

5 {2131 | 2776 { 4604 | 861 { 20| 1,729 | 2,003 | 2,861 | 3,883
6 | 2015 | 2570 | 4032 | 6,86 | 25| 1,711 | 2,064 | 2,797 | 3,745
7 | 1,943 | 2446 | 3,707 | 596 | 30 | 1.699 | 0,045 | 2,756 | 3,659
8 | 1,894 | 2,364 | 3499 | s.41 | 35 | 1,688 | 2,032 | 2,729 | 3,600
9 | 1,85 | 2,306 | 3,355 | 5,04 |10 | 1.683 | 2,023 | 2,708 | 4,558
10] 1,833 | 2,262 | 3,249 | 4,78 | 45 | 1,679 | 2,016 | 2,692 | 3,527
1M1 1,812 | 2228 | 3169 | 459 | 50 | 1,675 ( 2,009 | 2,679 | 3,502
121 1,795 | 2,201 | 3,106 | 4,44 | 60 | 1,671 | 2,001 | 2,662 | 3,464
13| 1,782 | 2,178 | 3,054 { 4,32 | 70 | 1,666 | 1,996 | 2,645 | 3,439
14| 1,770 | 2160 | 3,012 | 4,22 | 80 | 1,664 | 1,991 | 2,640 | 3,418
15| 1,761 | 2,144 | 2,976 | 4,04 | 90 | 1,662 | 1,987 | 2,633 | 3,403
16 | 1,753 | 2131 | 2,946 | 4,07 J100| 1.060 | 1,984 | 2,627 |3.392
171 1,745 | 2,119 | 2,921 | 402 [120] 1,657 | 1,980 { 2,617 | 3,374
17| 1.739 | 2,009 | 2,898 | 3,97 | o0 { 1.645 | 1,960 | 2,576 | 3,291
19( 1,734 | 2,100 | 2,878 | 3,92
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TABLE 6. STUDENT DISTRIBUTION

The level of confedience. a

The
number
of o1 0,05 0,02 0,01 | 0.002 | 0.00}
reeedomy
k )
1 6,31 12,71 31,82 | 63.66 | 318,29 | 636.38
2 2,92 4,30 6,96 9,92 | 2233 { 31,60
3 2,35 3,18 4,54 584 | 10,21 | 12,92
4 2,13 2,78 3,75 4,60 7.37 8,61
5 2.02 2,57 3,36 4,03 5,89 6.87
6 1,94 2,45 3,14 3,71 5,21 5,96
7 1,89 2,36 3,00 3,50 4,79 5.41
8 1,86 2,31 2,90 3.36 | 4,50 5.04
9 1,83 2,26 2,82 3,25 4,30 4.78
10 1,81 2,23 2,76 3,17 414 4,59
1" 1,80 2,20 2,72 3,11 4,02 4,44
12 1,78 2,18 2,68 3,05 3,93 432
13 1,77 2.16 2,65 3,01 3,85 4,22
14 1.76 2,14 2,62 2,98 3,79 4,14
15 1,75 2,13 2,60 2,95 3,73 4,07
16 1,75 2,12 2,58 2,92 3,69 4,01
17 1,74 2,1 2,57 2,90 3,65 3,97
18 1,73 2,10 2,55 2,88 3,61 3,92
19 1,73 2,09 2,54 2,86 3,58 3,88
20 1,72 2,09 2,53 2,85 3,55 3,85
3] 1,72 2,08 2,52 2,83 3,53 3,82
22 1,72 2,07 2,51 2,82 3,50 3,79
23 1,7% 2,07 2,50 2,81 3.48 3.77
24 1,71 2,06 2,49 2,80 3,47 3,75
25 1,71 2,06 2,49 2,79 3,45 3,73
26 1.71 2,06 2,48 2,78 3.43 371
27 1,70 2,05 2,47 2,77 3.42 3,69
28 1,70 2,05 2,47 2,76 3,41 3,67
29 1,70 2,05 2,46 2,76 3,40 3,66
30 1,70 2,04 2,46 2,75 3,39 3,65
40 1,68 2,02 2,42 2,70 3.31 3,55
60 1,67 2,00 2,39 2,66 3,23 3,46
120 1,66 1,98 2,36 2,62 3,16 3,37
" 1,64 1,96 2,33 2,58 3,09 3,29
0,05 0,025 0,01 0,005 | 0,001 | 0,0005

The level of conflicdience «
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Table 7. F- Distribution ( Fisher)

{ky-degree oi ireedom of numerator,
kg - degree of freedom of denominator)

The level of confidience a =0,01

k1

k2

4

5

6

7

8

9

10

11

12

O NSV WA -

12
13
14
15
16
17

o

4052
98,50
34,12
21,20
16,26
13,75
12,25
11,26
10,56
10,04
9,65
9.33
9,07
8,86
8,68
8,53
8,40

4999
99,00
30,82
18,00
13,27
10,92
9,55
8,65
8,02
7.56
7,21
6,93
6,70
6,51
6,36
6,23
611

5403
99,16
29,46
16,69
12,06
9,78
4,45
759
$,99
6,55
6,22
5,95
5,74
5,56
5,42
5,29
5,19

5625
99,25
28,71
15,96
11,39
9,15
7.85
7.00
6,42
5,99
5,67
5,41
5,21
5,04
4,89
4,77
4,67

5704
99,30
28,24
15,52
10,97
8,75
7.46
6,63
6,06
5,64
5,32
5,06
4,86
4,69
4,56
4,44
434

5859
99,33
27,91
15,21
10,67
8,47
7,19
6,37
5,80
5,34
5,07
4,82
4,62
4,406
4,32
4,20
4,10

5928
99,36
27,67
14,98
10,46
8,26
6,99
h,18
5,61
5,20
4,89
4,04
4,44
4,28
4,14
4,03
3,93

5981
99,38
27,49
14,80
10,29
8,10
.84
6,03
5,47
5,00
4,74
4,50
4,30
4,14
4,00
3.89
3,79

6022
99,39
27,34
14,66
10,16
7.98
6,72
5,91
5,35
4,94
4,63
4,39
4,19
4,03
3,8
3,78
3,68

6056
99,40
27,23
14,55
10,05
7,87
6,62
5,81
5,26
4,85
4,54
4,30
4,10
3,94
3.80
3,69
3,59

6UH3
99,41
27,13
14,45
9,46
7,79
6,54
8,73
5,18
4,77
4,46
4,2,
4,02
3,80
3,73
3.62
3,52

6107
49,42
27,05
14,37
9,89
7,72
6,47
5,67
511
4,71
4,40
4,16
3,96
3,80
3,67
3,55
3,40

The

level of confidience « =0,05

k1

5

6

7

9

10

n

12

-

161
18,51
10,13
7,71
6,61
5,99
5,59
5,32
5.12
4,96
4,84
4,75
4,67

4,54
4,49

4,45

200
19,00
9,540
6,04
5.79
514
4,74
4,40
4,20
4,10
3,98
3,89
3.8
3,74
3,68
3,03

3,59

216
19,16
9,28
6,59
5.41
4,76
4,35
4,07
3,86
3171
3,59
349
341
3,34
3,29
3,24

3,20

225
19,25
9,12
6,39
519
4,53
4,12
3,84
3.03
3,48
3,36
3,26
314
in
3,00
3,01

2,96

230
19,30
9,01
6,26
5,05
4,39
3.97
3,69
348
333
3,20
in
3,03
2,96
2,90
2,85

2,81

234
19,33
8,94
6,16
4,95
4,28
3,87
3,58
3,37
3,22
3,09
3,00
2,92
2,85
2,79
2,74

2,70

2137
19,35
8,89
6,09
4,88
4,21
3,79
3,50
3,29
3,14
301
2,91
2,83
2,76
2N
2,66

2,61

249
19.37
8,85
6,04
4,82
4,15
1,73
3,44
3,23
3,07
2,95
2,85
2,77
2,70
2,64

2,59

G

- D

24
19,38
8,81
6,00
4,77
4,10
3.68
3,39
3,18
3,02
2,90
2.80
2,71
2,60
2,59
2,54

2,49

242
19,40
8,79
5,96
4,74
4,06
3,64
3,35
3,14
2,98
2,85
2,75
2,67
2,60
2,54
2,49

a6
2,45

243
19,40
8,70
5.94
4,70
4,03
3.60
in
3,10
294
2,82
2,72
2,63
2,57
2.5
2.46
2.

244
19,41
8,74
5,91
4,68
4,00
3,57
3.28
3,07
2,91
2,79
2,69
2,60
2,53
2,48

2,38
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Table #8. y°-Chi Square Distribution

The value x;: 4 defined from condition P{xf ~xa *} =a, where
%7 Chi Square Distribution with nuber of freedom k

e —

The ] The level of contidience a

number
of 0,01 0,025 0,05 0.95 0,975 0,99

freedom
k
] 6,635 5.024 3,841 0,00333 | 0,00098 ]0,00016
2 9,210 7.378 5,991 0,10259 | 0.,05064 {0,02010
3 11,345 9,348 7.815 0,35185 | 0,21579 |0,11483
4 13,277 | 11,143 9,488 0,71072 | 0,48442 10,2971
5 15,086 | 12,832 11,070 1,145 0,831 0,554
6 16,812 | 14,449 | 12,592 1,635 1,237 0,872
7 18,475 | 16,013 14,067 2.167 1,690 1,239
8 20,090 | 17,535 15,507 2,733 2,180 1,647
9 21,666 | 19,023 {1 16,919 3,325 2,700 2,088
10 23,209 | 20,483 18,307 3,940 3,247 2,558
11 24,725 | 21,920 | 19,675 4,575 3,816 3,053
12 26,217 | 23,337 | 21,026 5,226 4,404 3,571
13 27,688 | 24,736 | 22,362 5,892 5.009 4,107
14 29,141 | 26,119 | 23,685 6,571 5,629 4,660
15 30,578 | 27,488 | 24,996 7,261 6,262 5,229
16 32,000 | 28,845 | 26,296 7,962 6,908 5,812
17 33,409 | 30,191 27,587 8,672 7.564 6,408
18 34,805 | 31,526 | 28,869 9,390 8,231 7,015
19 36,191 32,852 | 30,144 10,117 8,907 7.633
20 37,566 | 34,170 | 31,410 10,851 9,591 8,260
21 38,932 | 35.479 | 32,671 11,591 10,283 8.897
22 40,289 | 36,781 33,924 12,338 10,982 9,542
23 41,638 | 38,076 | 35,172 13,091 11,689 10,196
24 42,980 | 39,364 | 36,415 13,848 12,401 10,856
25 44,314 40,646 37,652 14,611 13,120 11,524
26 45,642 | 41,923 | 38,885 15.379 13,844 12,198
27 46,963 | 43,195 | 40,113 16,151 14,573 12.878
28 48,278 | 44,461 41,337 16,928 15,308 13,565
29 49,588 | 45.722 | 42,557 17.708 16,047 14,256
30 50,892 | 46,979 | 43,773 18,493 16,791 14,953

65




. Selected literature

1. Gmurman V.E. Theory of probability and mathematical statistics. Moscow,
«Visshaya shkolas 1982,

2. Kolemaev V.E. Theory of probability and mathematical statistics. Moscow,
cVis‘shaya shkolas 1994,

3. Chistiyakov B.B. Theory of probability and mathematical statistics. Moscow,
;thaya shkola» 1996.

4. Sirajiddinov S.X., Mamatov M.M Theory of probability and mathematical
statistics. Tashkent, «Ukituvchi» 1980.

5. Amir D, Aczel ., Complete Business Statistics. IRWIN. Homewood, IL
60430, Boston, MA 02116, 1989.

6. John E. Hank, Arthur G. Reitsch. Understanding Business Statistics.
Boston, 1994,

7. Masson Lind. Statistical techniques in business and economics. IRWIN.
Homewood, IL 60430, Boston, MA 02116, 1990.

8. Brawn D. Applied Statistics. Springers-Kerlog. 1987.
9. Groebner D., Essential oi Business Statistics. London, 1987,

10. Anderson D., ,D.Swreney, T. Williams., Quantitative methods for business.,
West Publ. Company.,1992. )
11.Zamkov O., Mathematical mehtods in economy., M.,Moskow., 1999,

12.Zaysev I.A. Higer Mathemetics., M., Visshay skola., 1998.

66



CONTENTS

PREFACE
SHORT HISTORK AL ENFORMATION ..uitiviecaeirerecirenseasessssssesnesensass vens

1. ANALYSIS OF DATA AND ELEMENTARY PROBABILITY
1.1 ORGANIZATION OF DATA ... s ienseressstaesesssaesssstsone 3
1.2 GRAPHICAL ILLUSTRATION OF DATA ........ceeectecerrrenenreeaenssanessrenans 3
1.3 MAIN NUMERICAL CHARACTERISTICS OF POPULATION. ................. S
1.4 INITIAL MOMENT OF A SAMPLE. ... ceirrere s s caaa e 6
1.5 CENTRAL MOMENT OF A SAMPLE ... 6
1.6 SHAPE OF DISTRIBUTION ......uvvtieccviniee e vreees e centaenesssissartesesssstennn 6
1.7 EMPIRICAL DISTRIBUTION OF FUNCTIONS .....ooviieeriiicicreeeiir s 7
1.8 PROPERTY OF ARITHMET ICAL AVERAGE ( MEAN) Xi.oiooiiiviiiiinnnns 7
1.9 VARIANGCE G2 oot et e saeseststteneetassonnersaasssstaene 9
1.10 ELEMENTARY PROBABILITY .ovoreeireiiee e vsree e rnateresesvanrniesscnsssnens 9
1.11 PROPERTY OF PROBABILITY ..ot itireriiescinimrene s sisinsesesensnes 10
1.12 SPACE OF ELEMENTARY EVENTS. .ot ccsssnrarretsesnnnreneens 10
1.13 GEOMETRICAL DEFINITION......oveeeiieiercieeter e csrrsseseneessensseessnnesans 11
1.14 SUM, INTERSECTION AND SUBTRACTION OF SETS.......ccocvvvennne. 12
1.15 ADDITIONAL RULE OF PROBABILITY ... .oricevreeriienicninrccenienees 12
1.16 CONDITIONAL PROBABILITY coviverereeiiectrenreeenvenennesecsranesasesesnns 14
1.17 MULTIPLICATIOM RULE ... iietiieie et cveerecsresrsvnssessssnesessnnessans is
1.18 THEOREM ABOUT FULL PROBABILITY.....coiveervecercinieesneneessineaniens 16
1.19 BAYES THEOREM (BAYES LAW OR FORMULA) ....coccvrrvecnrccirneninans 16
1.20 FORMULA OF REPEATED TRIALS (FORMUI A OF BERNOULLY)....17
1.21 LOCAL THEOREM OF MOIVRE-LAPLACE.....coccreiierecneric e, 18
1.22 THE FORMULA OF POISSON .....covveeeiiiitricinnescseassreneessessasnnrans 19
1.23 INTEGRAL FORMULA OF MOIVRE-LAPLACE....cccoiiirvnriencirieeae 19

1l. PROPERTY OF DISCRETE AND CONTINUOUS RANDOM VARIABLES

AND 1TS APPLICATIONS......coooccccrernrecrenannessnens 21
2.1 DISCRETE RANIDONI VARIABLES... R 3 |
2.2 MATHEMATICAL OPRATIONS ON R-\M)O\A VAR!ABLES .............. 22
2.3 MATHEMATICAL FXPECTATION OR EXPICTED VALUE OF DISCRLTE
RANDOM VARIBLIES .....ovvveie ittt eesitee e citees s ciree e rerares savanesiineaseevaeassisnrens 23
2.4 VARIANCE OF DISCRETE RANDOM VARIABLES......vvoeceeeecienccnnaene 24
2.5 CONTINUQUS RANDOM VARIABLES ........vvivecreecereeinecrnniesnianinenenn 26
2.6 MATHEMATICAL EXPECTATION AND VARIANCE OF CONTiNUOUS
RANDOM VARIABLES.....ooeeiiieeiieieeveie i ietee et basar e enssnasesasisnanananesssinee 30
2.7 NORMAL RANDOM VARIABLES. oo revererese s i ecen s N
2.8. THE GRAPH OF DENSITY FUNCTION ()iF NORMAL RANDOM
VARIABLE. ..ottt e et va e ve et ee oo tarasebes s s nesassnaneceneen e rcns 32
2.8 MOMENTS OF RANDOM VARIABLES IN CONTINOUS CASE. .......... 33
2.9 CALCULATING PROBABILITY WITH GIVEN 1DEVIATION .....ovvvnnenn. 34
2.10 THE « THREE SIGMAD RULE ..ot eecinbren e s s ieenes s 34
2.1t THE GENERAL SCIHIEME OF THE MONTE CARLO METHOD. ......... 35

67



2.12. THE FUNCTION Of CONTINUOUS RANDOM VARIABLE. ............ 36
2. 13 COMPOSITION OF RANDOM VARIABLE. ..o 37
2.14 x*—DISTRIBUTION (CHI SQUARE DISTRIBUTION )...........coeuveneee. 38
2. 15 STUDENT (OR T-) DISTRIBUTION ..........cocermrccrnsiscsiicnseensinecsaes 39
2,16 F—DISTRIBUTION (DISTRIBUTION OF FISI ER).......coeveriannnees 40
2.17 MULTIVARIABLE RANDOM VARIABLLS.... 41
2.18 CONDITIONAL DENSITY FUNCTION.........onevririirinnnvncrnsnnsnsnsenses 43
2.19 CONDITIONAL MATHEMATICAL EXPECTATION ..........c..oeenvnnnnnne 44

2.20 THE LAW OF LARGE NUMBERS............ ceveereraeans w45
2,21 CHEBISHEV'S INEQUALITY ....coevurrecrreeresnernrannne nndS
2.22 THEOREM OF CHEBISHEY wvuveveeeeeeeceeeereeceerseesesessnsesnessssosssessone 46
2.23 THE MEASURE OF RELATIONSHIP OF RANDOM VARIABLES........48
2.24 RECRESSION FUNCTION w...ooveeivcreeer e cvesasessessessssssssasssssssssesas 52
2.25 MARKOV CHAIN .....cocovivrvnneaenee eretaeiereerettieesaetstassessnissssnesaeesrrrbarsrnsnte 53
Il STATISTICAL ESTIMATION OF PARAMETER O IN F (X, 9)
DISTRIBUTIONS 53
3.1 POINT ESTIMATION . o.ooevseniereserencseseeesesstacestssessasssseeseseassssasace 53
3.2 INTERVAL ESTIMATION FOR povueervrreereneeiasiinne SO 56
3.3 INTERVAL ESTIMATION FOR G ... e eeereeee e seneseersassnees 57
APPENDIX .cc...oncererercrssasesecssensassssassssssssessersnsesseees 58
TABLE ?1. THE VALUE OF FUNCTION €%, . ottt ceesessennes 58
m, -1
TABLE 92. THE VALUE OF FUNCTION 2 AR o 58
m.!
TABLE 93. THE VALUE OF LAPLACE FUNCTION p(x) = T;_—e"‘ /2 59
b3
TABLE %4. THE VALUE OF LAPLACE INTCGRAL FUNCTION
P(x)= 7—'::! e /2 .............................................................................. 60
TABLE °5. STUDENT'S T- DISTRIBUTION 1y = 1(Y, 1) ccccevvccvcsrsrerrrrrrrn 62
TABLE 6. STUDENT DISTRIBUTION oo e oo erese e 63
TABLE #7. F- DISTRIBUTION | FISIHER), ceserssbenstranssstisnsee s ses e s ana s sunas ssnesenes 64
TABLE ®B. 7 -CHI SQUARE EISTRIBUTION. ..ooorvovvoeievteessrises st sessesseseesensens 65
SELECTED LITERATURE 66

08



THE UNIVERSITY OF WORLD ECONOMY AND DIPLOMACY

LECTURE ON THEORY OF PROBABILITY
AND MATHEMATICAL STATISTICS

Author Prof. A, Rasulov

Responsibility is upon the author of this aid for the quality of
preparing publishing materials, brought facts and known
terminology as well as other given allowance that not forbidden ior
the open publishing.

Without permission of the University of World Economy and
Diplomacy recurrent publishing prohibited.

Format 84x108 1/32. Volume 4.5
Amcunt of copies 100. Negotiated price.

Duplicated by the priming house of the
University of World Econonty and Diplomacy.
Tashkent —~ 700113, Buyuk Ipak Yuli str,,54



	0003.tif
	0005.tif
	0006.tif
	0007.tif
	0008.tif
	0009.tif
	0010.tif
	0011.tif
	0012.tif
	0013.tif
	0014.tif
	0015.tif
	0016.tif
	0017.tif
	0018.tif
	0019.tif
	0020.tif
	0021.tif
	0022.tif
	0023.tif
	0024.tif
	0025.tif
	0026.tif
	0027.tif
	0028.tif
	0029.tif
	0030.tif
	0031.tif
	0032.tif
	0033.tif
	0034.tif
	0035.tif
	0036.tif
	0037.tif
	0038.tif
	0039.tif
	0040.tif
	0041.tif
	0042.tif
	0043.tif
	0044.tif
	0045.tif
	0046.tif
	0047.tif
	0048.tif
	0049.tif
	0050.tif
	0051.tif
	0052.tif
	0053.tif
	0054.tif
	0055.tif
	0056.tif
	0057.tif
	0058.tif
	0059.tif
	0060.tif
	0061.tif
	0062.tif
	0063.tif
	0064.tif
	0065.tif
	0066.tif
	0067.tif
	0068.tif
	0069.tif
	0070.tif
	0071.tif
	0072.tif
	0074.tif

